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VortexAD: A Graph-Based Linear Potential Flow Analysis
Framework for Large-Scale MDO

Luca Scotzniovsky∗, and John T. Hwang†

University of California San Diego, La Jolla, California, 92023

Recent advancements in the automation of adjoint-based sensitivity analysis through graph-
based modeling have enabled comprehensive, large-scale multidisciplinary design optimization
(MDO) for aircraft design. Existing large-scale MDO demonstrations are currently limited
to low-fidelity methods to represent crucial disciplines. Aerodynamics is one of the major
disciplines for capturing key design tradeoffs of novel configurations at the conceptual design
stage. However, aerodynamic methods in MDO are limited to lightweight low-fidelity methods
or computationally heavy high-fidelity methods. In this paper, we address this gap by developing
VortexAD, a graph-based linear potential flow analysis framework for large-scale MDO.
VortexAD models arbitrary 3D surfaces using the panel method and thin 2D camber surfaces
using the vortex lattice method (VLM). We employ a free-wake model with vortex dissipation
to solve for unsteady potential flows. Adjoint-based sensitivity analysis is automated through
CSDL, a graph-based modeling framework. We develop a novel ODE formulation to address
the unsteady wake-shedding problem and apply partitioned vectorization to limit memory cost
in transient flow cases. With this, we conduct verification and validation (V&V) studies of our
framework with various cases in both steady and unsteady flow settings and see reasonable
agreement with the data. In addition, we conduct numerical experiments using partitioned
vectorization to assess the computational cost of the unsteady free-wake solver. We see noticeable
memory reductions with manageable run times for unsteady flows. These studies demonstrate
the efficacy of our framework to efficiently model key aerodynamic effects for aircraft conceptual
design problems.

I. Introduction
Recently, sustainability initiatives in the aviation industry have emerged in response to growing concerns about

the impact of aircraft emissions. Jet fuel currently accounts for close to 7% of world oil consumption, contributing
to roughly 3% of overall carbon emissions and 4% of global temperature rise since the mid-20th century [1, 2]. At
the current rate, the aviation industry will be responsible for roughly 25% of global carbon emissions by 2050 [3].
These initiatives have prompted the exploration of novel aircraft technologies, such as distributed propulsion, and the
hybridization and electrification of aircraft propulsion systems. These technologies have been explored in a variety
of novel aircraft concepts, such as the X-57 Maxwell demonstrator [4], the Parallel Electric-Gas Architecture with
Synergistic Utilization Scheme (PEGASUS) concept [5], and the Electrified Powertrain Flight Demonstrator (EPFD)
[6]. These technologies are relevant for subsonic low-speed aircraft operating on short-haul, regional missions. As a
result, there is renewed interest in the design of propeller-driven aircraft. However, capturing the key design aspects of
these aircraft configurations is difficult at the conceptual design stage, due to the high-dimensional design space and the
dependence of the aerodynamic performance on the complex transient flow behavior.

Large-scale multidisciplinary design optimization (MDO), the application of numerical optimization to solve
high-dimensional design problems with many disciplines, is well-suited for solving aircraft design problems. Recently,
there has been significant progress towards comprehensive large-scale MDO, which considers the entire aircraft and a
larger set of design conditions. Sarojini et al. demonstrated large-scale MDO of the NASA lift-plus-cruise, considering
over 100 design variables [7]. Ruh et al. furthered this work by including a full mission profile, 400 design variables,
and more than 200 constraints [8]. Although these studies modeled key disciplines using low-fidelity methods, they
demonstrated the feasibility of large-scale MDO to capture key design trends.

A major drawback of existing aerodynamics models in MDO, however, is the bimodal distribution of fidelity. Many
early-stage design studies utilize zero- to low-fidelity methods, ranging from quadratic drag polars and empirical models
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to thin-airfoil approximations such as the lifting-line method (LLM) and vortex-lattice method (VLM) [7–10]. These
approaches are not generalizable to novel configurations because they often fail to capture the relevant flow physics.
LLM and VLM only model camber and cannot capture thickness effects. On the other hand, detailed design utilizes
higher-fidelity methods like computational fluid dynamics (CFD) and vortex particle methods (VPM) to model the
complete flow field. CFD is often used to model coupled flow phenomena, like aeroelastic [11, 12], aeroacoustic
[13, 14], and aeropropulsive [15] coupling. VPM is commonly utilized for problems with unsteady, vortex-dominated
flows with significant wake interactions [16, 17]. These methods can also be coupled with low-fidelity methods, like
blade element momentum theory (BEMT) and immersed vorticity methods, to capture additional coupling between the
flow field and surfaces [18, 19]. However, these methods require significant effort to set up and incur large run-time and
memory costs. Although the computational cost bottlenecks can be addressed by parallelization through MPI, GPUs, or
high-performance computing (HPC), this introduces separate difficulties with setup and accessibility. These methods
also require a complex, detailed geometry representation, which often does not exist at the early conceptual design stage.

Panel methods are an attractive alternative to modeling the aerodynamic performance of full-scale configurations
with reasonable computational cost. Panel methods are a class of numerical methods that compute potential flow fields
around general configurations. Unlike high-fidelity approaches, these methods solve for surface quantities, which
simultaneously reduces computational complexity and state size. Panel methods have been a workhorse aerodynamics
analysis approach since the mid-late 20th century, with the first practical method to represent thick three-dimensional
bodies being published by Hess and Smith in 1967 [20]. Since then, these methods have expanded to include higher-order
distributions for improved accuracy and high-speed modeling [21, 22] and free-wake methods to capture unsteady
interactions [23, 24]. More recently, panel methods have been coupled with high-fidelity viscous VPM to more
accurately represent vortex structures in unsteady flows, like propeller-wing systems [25, 26] and helicopter rotors [27].
However, despite the extensive literature surrounding existing panel methods and their applications, there has been
limited development in applying these methods to aircraft design optimization problems. Given that the existing tools
also lack the adjoint-based sensitivity analysis needed for efficient gradient-based optimization, they are not compatible
with large-scale MDO.

To address this gap, we present VortexAD, a graph-based potential flow analysis framework tailored for large-scale
MDO of aircraft. Our framework is implemented using CSDL, a graph-based modeling language that automates
adjoint-based sensitivity analysis [28]. This framework builds on a previously developed graph-based memory-efficient
panel method [29]. This panel method is a central part of our analysis framework, which allows us to model arbitrary
3D configurations using source-doublet pairs. The framework also supports thin surface geometry representations
using vortex rings. In addition, the framework supports both steady and unsteady flow fields. The unsteady flow field
is resolved using a free-wake model with vortex dissipation and diffusion to model energy losses and viscosity. We
developed a novel ODE approach to the free-wake shedding problem. With this framework, we present results for initial
verification and validation studies and numerical experiments on the memory and run time of our unsteady free-wake
solver.

The remainder of this paper proceeds as follows. Section II presents general background on potential flow theory
and the unsteady free-wake model. Section III details aspects of the implementation and capabilities of our graph-based
potential flow analysis framework. Section IV discusses verification and validation results for various steady and
unsteady flow cases. Section V discusses results on numerical experiments conducted to assess the computational cost
of our ODE-based free-wake solver. To conclude, Section VI summarizes the work presented in this paper and discusses
future work.

II. Background
In this section, we outline the general details of linearized potential flow theory. Linearized potential theory models

inviscid and irrotational flow fields, assuming the perturbation velocities of bodies in the flow are small relative to the
free stream. For an irrotational flow field with velocity ®𝑈, we can define a velocity potential Φ such that ∇Φ = ®𝑈. In
this work, we assume the flow field is also incompressible. With these assumptions, the continuity equation can be
represented as

∇2Φ = 0, (1)

which is satisfied everywhere in space. We aim to solve for flow fields around arbitrary 3D bodies that satisfy Equation
1. The potential field is a linear combination of two terms: the free-stream potential and the perturbation potential,
which models the body’s influence on the flow field. In the far-field, the perturbation potential approaches zero. Green’s
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identity is applied to Equation 1 to formulate a general solution of the form

Φ(𝑥, 𝑦, 𝑧) = 1
4𝜋

∫
body + wake

𝜇n · ∇
(

1
𝑟

)
𝑑𝑆 − 1

4𝜋

∫
body

𝜎

(
1
𝑟

)
𝑑𝑆 +Φ∞ = Φ∗ +Φ∞, (2)

where we denote the perturbation potential Φ∗ as the integral terms and 𝜎 and 𝜇 represent sources and doublets,
respectively [30]. This formulation is known as a source-doublet panel method [20]. Sources represent the velocity
jump across boundaries and primarily enforce thickness effects. Meanwhile, doublets represent the potential jump over
boundaries and are responsible for creating circulation to generate lift. To determine the source and doublet strengths,
we discretize our surface with a mesh and solve a boundary value problem. The boundary conditions are applied to
the center points of a surface mesh, formally known as collocation points. Two boundary conditions can be applied:
Dirichlet or Neumann. The Dirichlet problem enforces a constant potential Φ𝑆 on and within the surface: Φ = Φ𝑆 . The
Dirichlet problem is commonly solved with a no-perturbation potential boundary condition: Φ∗ |S = 0. The Neumann
problem explicitly enforces a no-penetration condition: ∇Φ · n = 0, where n is the surface normal. In this work, the
sources and doublets are assumed to be constant on each panel. This reduces Equation 2 to a linear system of the form

𝐴𝜇 + 𝐵𝜎 + 𝐶𝜇𝑤 = 𝑉𝐵𝐶 , (3)

where 𝜇𝑤 represents the wake doublets shedding from the surface. The terms 𝜇, 𝜎 and 𝜇𝑤 in our linear system refer to
the distribution of these singularities across the surface and wake panels. 𝑉𝐵𝐶 represents the boundary condition value:

𝑉𝐵𝐶 =

{
0 Dirichlet
− ®𝑈𝑐 · n Neumann

, (4)

where 𝑈𝑐 in the Neumann condition represents the collocation velocity. The collocation velocity is defined as

®𝑈𝑐 = ®𝑈∞ + ®𝑈𝑟 + ®𝜔 × ®𝑟, (5)

and accounts for the effects of the free-stream velocity ®𝑈∞ and unsteady effects from translation ®𝑈𝑟 and rotation ®𝜔 × ®𝑟 .
In steady flows, only the free-stream term is necessary. The matrices 𝐴, 𝐵, 𝐶 correspond to the interactions across panel
computed from the integrals in Equation 2. These matrices compute either the induced potential or velocity of each
panel, depending on the chosen boundary condition. To uniquely define the flow field, the source strengths are set to

𝜎 = −( ®𝑈𝑐 + ®𝑈𝑚) · ®𝑛, (6)

to capture all relative velocities. The term ®𝑈𝑚 represents additional miscellaneous velocity influences. This can include
the boundary layer transpiration velocity [31], or the wake-induced velocities from vortex wake particles [26]. The
wake strengths 𝜇𝑤 are set to satisfy the Kutta condition, which enforces that the circulation at the trailing edge, where
the upper surface, lower surface, and wake meet, must be zero. To enforce this, the wake doublet strengths closest to the
surface are computed from the surface doublet strengths as

𝜇𝑤 = 𝜇𝑢 − 𝜇𝑙 , (7)

where the subscripts 𝑢, 𝑙 represent the upper and lower surfaces of the trailing edge, respectively. With these conditions,
the only unknown in Equation 3 is the doublet strength vector, containing the doublet strengths on each panel of the
body. The linear system in Equation 3 is solved to determine the doublet strengths on the surface.

Linearized incompressible potential flow theory can also predict flow behavior for thin, 2D surfaces. This is often
referred to as the vortex lattice method. Thin surfaces are treated as flat, camber representations of closed, 3D surfaces.
We apply a pure Neumann boundary condition to solve for a distribution of bound vortex rings on the surface:

( ®𝑈𝑐 + ®𝑢𝑖) · n = 0, (8)

where ®𝑢𝑖 represents the vortex ring induced velocities. Geometrically, the bound vortex rings are located at a quarter-
chord shift downstream of each surface panel. The collocation point, where the boundary condition is applied, is
located at the three-quarter chord of the mesh panel or the center of the bound vortex grid. We impose a no-penetration
condition at the collocation points, considering the free stream velocity and the induced velocities of the bound and
wake vortex rings. We can model Equation 8 as a linear system of the form

𝐴Γ + 𝐵Γ𝑤 = −𝑉𝑛, (9)
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where Γ𝑤 represents the wake vortex rings shed from the surface. The boundary condition term 𝑉𝑛 represents the thin
surface boundary condition:

𝑉𝑛 = ®𝑈𝑐 · n, (10)

which represents the same velocity components in the panel method Neumann boundary condition in Equation 4. The
matrices 𝐴 and 𝐵 correspond to the induced velocities of the bound and wake vortex rings projected in the surface
normal direction at the collocation points. To compute the vortex-ring induced velocities at a point in space 𝑃, we
decompose the element into vortex line elements and use the Biot-Savart law:

®𝑞𝑎𝑏 =
Γ

4𝜋
𝒓𝒂 × 𝒓𝒃

∥𝒓𝒂 × 𝒓𝒃 ∥2 𝒓𝒐 ·
(

𝒓𝒂
∥𝒓𝒃 ∥

− 𝒓𝒃
∥𝒓𝒃 ∥

)
, (11)

where 𝒓𝒂 and 𝒓𝒃 represent the vectors from the start and end points of the vortex line segment to point 𝑃, 𝒓0 represents
the line vortex, and Γ is the vortex ring strength. When assembling the matrices in Equation 9, the vortex rings are
assumed to have unit strength. Similar to the thick surface approach, we use the Kutta condition to determine wake
vortex strength:

Γ𝑤 = Γ𝑇𝐸 , (12)

where Γ𝑇𝐸 is the strength of the trailing-edge vortex ring. The linear system in Equation 9 can then be solved for the
bound vortex strengths Γ across the surface.

A. Post-Processing
The solutions of doublet, source, and vortex ring strengths are used to compute forces. Depending on the surface

type, these forces are computed differently. For thick, 3D surfaces, the doublets and sources are used to compute the
total velocity on the body.

®𝑄 = ®𝑈𝑐 + ∇𝜇 + 𝜎n, (13)

where n represents the outward unit panel normal vector and the doublet gradient is tangent to the surface. The pressure
coefficient at each panel can then be computed as

𝐶𝑝 = 1 − 𝑄2

𝑈2
∞

+ 𝐶𝑝𝑢𝑛𝑠
(14)

where 𝑄,𝑈∞ represent their respective vector norms, and 𝐶𝑝𝑢𝑛𝑠
is the unsteady pressure term. The unsteady pressure

term captures temporal variations of the surface potential and is zero in steady flows. The unsteady pressure coefficient
is defined as

𝐶𝑝𝑢𝑛𝑠
= − 2

𝑈2
∞

𝑑Φ

𝑑𝑡
(15)

where Φ = 𝜇 because 𝜇 represents the potential on the surface with a zero-perturbation potential boundary condition.
To model compressibility effects, the pressure coefficient is scaled using the Prandtl-Glauert correction:

𝐶𝑝𝑐
=

𝐶𝑝√︁
1 − 𝑀2

∞
, (16)

where 𝑀∞ is the freestream Mach number. Using the pressure coefficient, the force on each panel can be computed as

𝐹𝑘 = −1
2
(𝐶𝑝𝑐

)𝑘𝜌𝑈2
∞𝑆𝑘n𝑘 (17)

where 𝑘 represents the panel index and 𝑆 represents the panel area. To compute lift and drag and their respective
coefficients, this force can be decomposed into the two terms parallel and orthogonal to the flow direction.

For thin surfaces, we use the Kutta-Joukowski theorem to compute forces:

𝐹𝑘 = 𝜌Γ𝑘 (®𝑙𝑘 × ®𝑉𝑘) + 𝐹𝑢𝑛𝑠 (18)

where Γ represents the net circulation strength of each bound vortex ring, ®𝑙 represents the dimensional bound vortex
vector, 𝐹𝑢𝑛𝑠 represents the unsteady forcing due to temporal variations of the surface potential, and ®𝑉 = ®𝑈𝑐 + ®𝑣𝑖
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represents the total velocity at the bound vortex. The quantity ®𝑣𝑖 represents the total induced velocity at the bound
vector:

®𝑣𝑖 = 𝐴Γ𝑏 + 𝐵Γ𝑤 , (19)
where 𝐴, 𝐵 represent the velocity of each bound vortex and wake vortex induced at the bound vector computed using the
Biot-Savart law. The unsteady forcing term is defined as

𝐹𝑢𝑛𝑠 = 𝜌𝑆𝑘n𝑘

𝑑Γ𝑏𝑘

𝑑𝑡
, (20)

where the time derivative term represents the unsteady component of the force variation. Similar to the thick surface
modeling, we can utilize the Prandtl-Glauert correction:

𝐹𝑘𝑐 =
𝐹𝑘√︁

1 − 𝑀2
∞
, (21)

where the scaling is now applied directly to the force. The panel forces 𝐹𝑘𝑐 can be integrated and decomposed into
components parallel and orthogonal to the flow field to compute lift and drag.

B. Wake-shedding
For unsteady flows, we propagate the wake in time using a free-wake method. Free-wake methods incorporate

surface-and-wake-induced velocities into the wake-shedding process to capture realistic flow behavior, such as wing-tip
vortices. The induced velocities are computed using the source, doublet, and wake doublet strengths. The total velocity
of a wake element can be written as

®𝑉𝑤 = ®𝑉∞ + ®𝑣𝑤𝑖 , (22)
where the induced velocity of the wake elements is

®𝑣𝑤𝑖 = 𝐴𝜇 + 𝐵𝜎 + 𝐶𝜇𝑤 , (23)

and the tensors 𝐴, 𝐵, 𝐶 correspond to the unit-strength induced velocity of the surface doublets, surface sources, and
wake doublets, respectively. We recycle the matrix/tensor notation from Equation 3 to represent induced velocities.
The induced velocities for each source term in the global reference frame can be found in [31]. However, the induced
velocities of doublets and vortex rings are identical. We compute the induced velocities of doublets and vortex rings
using the Biot-Savart law in Equation 11, decomposing each element into vortex line elements. This computation is
repeated for each edge of the panel. The total wake velocity in Equation 22 is then used to update the wake locations for
the next time step.

The wake-shedding incorporates vortex diffusion and dissipation to represent viscosity and energy losses in the
flow. These phenomena are not naturally captured by potential flow, so we model these effects using empirical methods
previously incorporated in potential flow models [32, 33]. Vortex diffusion captures the effects of viscosity in the flow
using a vortex-core model. We introduce a time dependence to the finite-core radius 𝑟𝑐:

𝑟𝑐 =

√︃
𝑟2
𝑐0 + 4𝛼𝛿𝜈𝑡, (24)

where 𝑟𝑐0 is the initial finite core size when the wake first sheds and 𝑡 is the age of the wake element. The 𝛿𝜈 is the
average effective turbulent viscosit defined as

𝛿𝜈 = 𝜈 + 𝑎1Γ, (25)
where 𝜈 is the kinematic viscosity and Γ is the wake element circulation strength. Note that Γ in Equation 25 is a
time-dependent term. In Equations 24 and 25, the empirical parameters 𝛼 and 𝑎1 represent the Oseen coefficient and
Squire’s coefficient, respectively. Vortex dissipation models the decay in wake circulation strength across time. In this
work, we model the vortex dissipation as

Γ(𝑡) = Γ0exp
(
−𝑏𝑞

𝑠
𝑡

)
, (26)

where Γ0 is the initial wake element circulation strength when it is first shed from a surface. The term 𝑏𝑞

𝑠
is another

empirical parameter representing the wake decay as a function of the ambient turbulence level. In this work, we set
𝛼 = 1.25643 and 𝑏𝑞

𝑠
= 2.5, based on experimental observations from De Gregorio et al. [32]. We also ignore the effect

of circulation strength on the vortex core size by setting 𝑎1 = 0.
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III. Graph-based Linear Potential Flow Analysis Framework
In this section, we describe VortexAD∗, our novel graph-based potential flow analysis framework. First, we highlight

implementation details and solver capabilities. Then, we present our method for a novel wake-shedding formulation.

A. Graph-Based Implementation
Our framework uses a low-order formulation of constant-strength vortex elements for doublets, sources, and vortex

rings. The source-doublet potential and velocity influence coefficients for Equation 3 are computed using the formulation
from the VSAERO panel code [31]. This formulation goes beyond the original Hess and Smith method [20] by
representing induced potentials and velocities using a global reference frame, rather than the local coordinate frames
centered at each panel. For doublet panels and vortex rings, as previously mentioned, we compute induced velocities of
each edge using the Biot-Savart law in Equation 11 and sum the contribution of each edge for a given panel. Our solver
is developed using CSDL, a graph-based modeling framework that automates adjoint-based sensitivity analysis [28].
Graph-based modeling provides speed-ups through vectorization and graph transformations to optimize sequences of
operations. An image of the unsteady panel method graph is shown in Figure 1.

Our framework supports 3D surface meshes as triangulations, quadrangulations, or a mix of elements to handle
arbitrary configurations. Quad-dominant meshes are generally preferred because the two cardinal in-plane vectors of
quadrilateral elements align well with the directions of surface property variations. However, complex geometries with
intersections or flat edges, such as a fuselage-wing mesh, require triangular elements to refine the boundary and prevent
collapsed elements. We include thin surface modeling as flat meshes to capture camber. Figure 2 shows a rectangular
wing using the three different grid types. Information about the trailing edge is required to model lifting behavior and
satisfy the Kutta condition in Equation 7. For unstructured surface meshes, our framework has a trailing-edge detection
method to automate this process, as described in previous work [29]. The method identifies elements, nodes, and
edges at the trailing edge by searching for two criteria regarding the normal vectors of two adjacent panels. The first
criterion is that the outward-normal vectors of adjacent panels must both point downstream. The second criterion
assesses whether the two panels meet at a sharp edge by comparing the difference in normal vectors to a threshold angle
𝜃𝑇𝐸 . Mathematically, this is represented as

®𝑛1 · ®𝑛2 < cos(𝜃𝑇𝐸), (27)

where an edge and corresponding panels are marked as trailing edge elements if this condition is satisfied. For structured,
flat grids, the trailing edge elements is easily determined by the array structure.

1. Partitioned Vectorization
In this section, we review partitioned vectorization, a memory reduction technique developed in previous work for a

steady panel code [29]. As mentioned in Section II, the potential flow solution requires solving a linear system like
Equation 3 to compute doublet strengths, vortex ring strengths, or both. In this work, we focus on a direct linear system
solve, which requires explicitly computing the full linear system matrix. Vectorization is generally the fastest approach
to computing large arrays because it avoids iterative procedures. With vectorization, similar computations occur
simultaneously rather than sequentially, as viewed from the level of the computational graph. However, vectorization
poses a major memory bottleneck due to the 𝑛2 interactions present in potential flow methods. As a result, vectorization
is not viable for large problems.

Partitioned vectorization is a method that divides vectorized computations into partitions to trade off between
memory and run time and alleviate the 𝑛2 memory cost. Figure 3 illustrates this approach. We define four types
of partitioning schemes: row, column, row-column, and column-row, shown from left to right in Figure 3; 𝑎 and 𝑏

represent the row and column size, respectively. The top left corner indices of each box represent the partition order
determined by the partition type.

The benefit of partitioned vectorization is due to the reduced memory storage of intermediate computations when
computing elements of large arrays. Let us first quantify the cost of the full vectorization approach. Consider a single
element of our linear system matrix, which requires upwards of 100 sequential operations; we identify this cost as 𝐶,
which is also the minimum allowable partition cost. In the full vectorization approach, for an 𝑛 × 𝑛 matrix, we store 𝐶𝑛2

values, as each element is computed simultaneously. With partitioned vectorization, the vectorized operation is divided
into partitions of size 𝑎 × 𝑏, where 𝑎 and 𝑏 represent row and column partition sizes, respectively. As a result, the
element count stored in memory for each partition is 𝐶𝑎𝑏. Including the full 𝑛2 interactions in the final explicit matrix

∗https://github.com/LSDOlab/VortexAD
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Fig. 1 Computational graph of the unsteady linear potential flow solver ODE with a free-wake method.
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(a) 3D triangular surface mesh

1.00  

0.500 

0.00  

-0.500

-1.00 

(b) 3D quad surface mesh (c) Structured camber mesh

Fig. 2 The three different grid types supported in this framework are shown here. The triangulation and
quadrangulation are shown for 3D surface meshes with an NACA0012 airfoil.
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Fig. 3 A comparison of different partitioning methods for explicit matrix assembly. From left to right, the
partitioning schemes shown are: row, column, row-column, and column-row. This figure was originally published
for a graph-based panel code developed by Scotzniovsky et al. [29].

generation, the total data cost is 𝑛2 + 𝐶𝑎𝑏. We see that generalized partitioning has the potential to significantly reduce
memory cost. For small values of 𝑎 and 𝑏, the scaling of memory cost to compute matrix entries becomes negligible.
However, for 𝑛 ≥ 1𝑒4, partitioning alone is still too prohibitive for large problems as the dominating 𝑛2 cost remains.
For problems of this scale, we must use iterative methods to solve the linear system.

Partitioned vectorization can also be applied to large matrix-vector and tensor-vector products. Many operations in
our framework consist of matrix-vector or tensor-vector products, such as the free-wake induced velocity computation
shown in Equation 23 and the right-hand side terms of the linear system in Equations 3 and 9. These products can
be computed during assembly by partitioning across rows, effectively negating the need to generate the full tensor or
matrix. This saves significant memory during run time, as these matrices and tensors exhibit 𝑛2 memory cost.

2. Doublet Perturbation Velocity Numerical Differentiation
We use numerical differentiation to compute the doublet contribution of the perturbation velocity for thick surfaces

in Equation 13. This method has also been described in our previous work for the graph-based panel method [29]. We
approximate the doublet gradient with a Taylor series expansion at point 𝑗 relative to point 𝑖:

𝜇 𝑗 = 𝜇𝑖 +
𝜕𝜇

𝜕𝑙
Δ𝑙 + 𝜕𝜇

𝜕𝑚
Δ𝑚, (28)

where 𝑙 and 𝑚 represent the two orthogonal in-plane vectors of panel 𝑖. The partial derivative terms can be combined to
simplify the expression to

(∇𝜇𝑖) · 𝑟𝑖 𝑗 = 𝜇 𝑗 − 𝜇𝑖 , (29)
where 𝑟𝑖 𝑗 is a vector of displacements in the 𝑙 and 𝑚 directions. For a panel 𝑖, this condition must be enforced with each
neighboring panel. We reformulate this as a least-squares problem of the form

Δ𝑙𝑖1 Δ𝑚𝑖1

Δ𝑙𝑖2 Δ𝑚𝑖2

... ...

Δ𝑙𝑖𝑁 Δ𝑚𝑖𝑁


[
𝜕𝜇

𝜕𝑙
𝜕𝜇

𝜕𝑚

]
𝑖

=


𝜇1 − 𝜇𝑖

𝜇2 − 𝜇𝑖

...

𝜇𝑁 − 𝜇𝑖


, (30)
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where 𝑁 is the number of neighbors of panel 𝑖 and the surface doublet perturbation velocity is ∇𝜇 = [ 𝜕𝜇
𝜕𝑙
,
𝜕𝜇

𝜕𝑚
]𝑇 . This

method is generalizable for polygons with any number of neighbors; in this work, we only consider triangular and
quadrilateral elements. This system of equations is solved for each panel on the surface. For grids with many panels, the
process of iteratively assembling the system of equations and solving each is time-consuming. Using vectorization, we
apply the normal equation by left-multiplying Equation 30 with the transpose to analytically solve the resultant 2x2
linear system.

B. ODE Formulation of the Wake-Shedding Problem
In this subsection, we describe our ODE formulation for the wake-shedding problem. The two ODE states are

the wake nodes 𝑥𝑤 and the wake doublet strengths 𝜇𝑤 . Given the equivalence of the doublet and vortex ring induced
velocities, the ODE formulation also applies to the wake vortex rings Γ𝑤 . For the sake of simplicity, we denote the wake
vortex strengths using 𝜇𝑤 .

Graph-based modeling is well-suited for efficient ODE time integration. For each iteration, the sequence of
operations to compute state derivatives is the same. Thus, the computational graph can be reused. A consequence of
reusing the computational graph is that the states and dynamic parameters must be preallocated across all time steps. As
a result, we store inactive data for the wake states that have yet to shed into the flow. To access the active wake data at
each time step, we define activation arrays that function as a continuous switch to the time derivatives. These activation
arrays use zero-based indexing, like Python.

We solve the ODE using a Lagrangian perspective, where states are tracked along the wake particles and panels.
The equivalent Eulerian perspective would be to shift the ODE states along an array as the wake sheds downstream.
However, in developing this framework, our numerical experiments showed that the accumulation of finite difference
error led to significant wake instability.

Before outlining our formulation, we present basic nomenclature. The total number of time steps is denoted 𝑛𝑡,
while the time step index is denoted 𝑛. For each timestep, the wake node derivatives are defined as:

𝑑𝑥𝑤

𝑑𝑡
[𝑛, :] = ¤𝑥𝑤 [𝑛, :] = 𝑉𝑤 [𝑛, :]𝐴𝑥 [𝑛, :], (31)

where𝑉𝑤 = 𝑉∞+𝑉𝑖 represents the total wake velocity vector as a sum of the freestream and induced free-wake velocities.
The induced free-wake velocities are computed according to Equation 23. We define a velocity activation array:

𝐴𝑥 [𝑛, 𝑖, :] =
{

1 𝑖 ∈ [𝑛𝑡 − 𝑛 − 1, 𝑛𝑡 − 1]
0 else

, (32)

to identify which row of wake panels has been shed, based on the time step index 𝑛. We apply a similar logic to the
wake doublet strengths using activation arrays. At each timestep, the wake doublet derivatives are defined as

𝑑𝜇𝑤

𝑑𝑡
[𝑛, :] = ¤𝜇𝑤 [𝑛, :] =

𝜇𝑇𝐸 [𝑛, :]
Δ𝑡

𝐴𝜇 [𝑛, :] + 𝛽[𝑛, :], (33)

where changes to the wake doublet field depend on the Kutta condition and vortex dissipation. The Kutta condition
derivative is responsible for generating lifting flow, while the vortex dissipation models energy losses in the wake. First,
we discuss the Kutta condition derivative. We formulate a finite-difference approximation to enforce the Kutta condition,
where 𝜇𝑇𝐸 is the expected wake doublet strength defined by the Kutta condition in Equation 7. This term applies only
to the newest row of wake panels. Thus, we define a sparse activation array for the Kutta condition derivative as

𝐴Γ [𝑛, 𝑖] =
{

1 𝑖 = 𝑛𝑡 − 𝑛 − 2
0 else

, (34)

where the only non-zero index corresponds to the index of the newest row of wake panels. In the absence of dissipation,
the wake doublet strengths remain constant once they are shed. The dissipation derivatives 𝛽 are applied to the remaining
shed wake panels and are modeled as

𝛽[𝑛, :] =
{
¤𝜇𝑑𝑖𝑠𝑠 [𝑛, :]𝐵𝜇 [𝑛, :] yes dissipation
0 no dissipation

, (35)
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where
¤𝜇𝑑𝑖𝑠𝑠 [𝑛, :] = −𝑏𝑞

𝑠
𝜇𝑤 [𝑛, :] (36)

is the time derivative of Equation 26. We define a final activation array for the dissipation derivative as

𝐵𝜇 [𝑛, 𝑖] =
{

1 𝑖 ∈ [𝑛𝑡 − 𝑛 − 2, 𝑛𝑡 − 2]
0 else

, (37)

where the indices containing 1 correspond to wake rows that have already been shed. As a result, the dissipation
derivative is not applied to wake elements that are pre-allocated but have yet to shed from the surface.

We use Ozone, †, an open-source Python library for solving ordinary differential equations, to solve our ODE [34].
Ozone is developed using CSDL, so adjoint-based sensitivities are automatically propagated through the ODE solver.
Ozone offers various integration techniques, such as time-marching and collocation methods. In addition, Ozone offers
checkpointing for efficient memory management. We use a time-marching procedure for the wake-shedding problem.
Besides the Kutta condition derivative for the wake doublet strengths, the ODE formulation uses analytical derivatives
to update the ODE states.

IV. Verification and Validation
In this section, we present verification and validation (V&V) results of our general potential flow analysis framework

against canonical solutions and experimental data.

A. NACA0012 Rectangular Wing Validation
We compare the steady formulation of our panel code against experimental data using a rectangular wing with

a NACA0012 airfoil [35, 36]. This validation case was published previously for a steady graph-based panel code,
developed as part of this framework [29]. The NACA0012 wing was modeled with a 10-meter wingspan and an aspect
ratio of 10. As shown in Figure 4, we see good agreement between experimental data and the VortexAD pressure
coefficient distributions at 𝛼 = 0◦ and 𝛼 = 10◦ for the NACA0012 wing. In addition, the lift coefficients also show good
agreement, with a maximum error of around 5%.

𝛼 = 	10∘

𝛼 = 	0∘

(a) Pressure coefficient comparison (b) Lift vs. angle of attack

Fig. 4 Comparison of NACA0012 pressure coefficient distributions and lift coefficient with experimental data.
We see good agreement of pressure distributions and lift coefficients, with a maximum lift coefficient error of
around 5%. This validation study was published in previous work, focused on developing the panel code for the
VortexAD framework [29].

B. Sudden Acceleration of a Wing From Rest
In this study, we assess the aerodynamic properties of a wing upon a sudden acceleration from rest. This is a

canonical verification case for free-wake methods to test how unsteady flows converge to steady-state operation. We
†https://github.com/LSDOlab/ozone
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model a flat plate across many different aspect ratios, up to 1000. In addition, we also consider a wing with an
NACA0012 airfoil. We solve for the aerodynamic coefficients at 𝛼 = 5◦. The time evolution of 𝐶𝐿 and 𝐶𝐷𝑖 is shown in
Figure 5. We see that, as the aspect ratio increases, our flat plate lift coefficient approaches the theoretical 2D flat plate

0.0

0.2

0.4

C L AR = 4
AR = 8
AR = 12
AR = 20

AR = 1000
NACA0012 AR = 10
Theory

0 2 4 6 8 10 12 14
U t
c

0.000

0.005

0.010

0.015

0.020

0.025

C D
i

Fig. 5 Trends of 𝐶𝐿 and 𝐶𝐷𝑖 across time. We compare a flat plate rectangular wing at various aspect ratios,
along with a rectangular wing with a NACA0012 airfoil at an aspect ratio of 10.

lift coefficient of 0.548 at 𝛼 = 5◦. Meanwhile, the induced drag coefficient monotonically decreases with increasing
aspect ratio. This behavior is expected, as the downwash effect of wing-tip vortices is reduced as the aspect ratio
increases. The downwash effect is the driver behind lift-induced drag and lowers the effective angle of attack, which
explains why the lift coefficient approaches but never reaches the theoretical 2D lift coefficient. For wings that approach
infinite span, we expect the induced drag coefficient to approach zero. We see this trend in our numerical results as the
aspect ratio is increased.

At the initial time steps, the induced drag of the NACA0012 airfoil wing is negative, which is not physically realistic.
This is a consequence of computing drag using the pressure distribution before the wake has fully developed. In the
future, we will explore a Trefftz-plane approach to compute induced drag to avoid unphysical negative drag.

C. Theodorsen Heaving Wing Solution
In this study, we assess the time-varying lift coefficient of a heaving wing and compare it to the canonical Theodorsen

solution [37]. The purpose of this study is to assess the solver’s capability to capture the effects of added mass and phase
lag of the wake. We compared the VortexAD solution against the analytical solution, given a sinusoidal angle of attack
input of the form 𝛼(𝑡) = 𝛼0 + 𝛼𝑎sin(𝜔𝑡). The terms 𝛼0 and 𝛼𝑎 represent the mean and amplitude of the time-varying
angle of attack, respectively. The wake of the lifting surface is propagated far enough such that the oscillatory angle of
attack achieves four cycles. We assessed reduced frequencies of 𝑘 = 0.1 and 𝑘 = 0.2, where 𝑘 = 𝜔𝑐

2𝑉∞
and 𝑐 is the chord.

The results for the heaving wing simulation are shown in Figure 6. We see that VortexAD captures the general trends
of the oscillatory lifting response. There is reasonable agreement between the analytical data and VortexAD for the
reduced frequency of 𝑘 = 0.1. As the frequency doubles to 𝑘 = 0.2, the VortexAD solution does not accurately capture
the phase lag effects. However, the resultant error is likely a consequence of too large a time step. From Figure 6a, we
see that, when the frequency is doubled, about half of the points are sampled in one cycle. The total simulation time is
unchanged, but the angle of attack oscillates twice as fast. Without enough refinement of the wake, the influence of the
wake on the wing will be underestimated. In the future, this study will be repeated with a timestep that depends on
the frequency. In addition, the grid can be refined to improve the agreement between the analytical solution and the
VortexAD simulation results.
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(a) The heaving wing lift coefficient. (b) The heaving wing force-free wake.

Fig. 6 We see reasonable agreement between the VortexAD numerical results and the analytical solution of the
heaving wing transient lift coefficient. We see better agreement for the lower-frequency case, likely due to the
timestep. The 𝑘 = 0 solution describes the steady 𝐶𝐿 variation across angle of attack.

D. Verification of Wake Vortex Dissipation Model
In this study, we verified the wake vortex dissipation in our ODE formulation in Equation 36 with the closed-form

solution of Equation 26. We conducted this study to assess the validity of the ODE approach to model dissipation
effects with the activation arrays. The analytical formulation of the wake vortex dissipation prescribes a degree of
dissipation at each time instance. With the ODE formulation, however, we provide the expected change in time to the
dissipation at each time instance. As a result, we expect a certain degree of numerical error to accumulate with the
time integration process. To assess this error, we simulated a wing in forward flight and compared the relative wake
strength to the closed-form solution in Equation 26. We define the relative wake strength as 𝜇̄ = 𝜇𝑤 (𝑡)/𝜇𝑤0, which
is an indicator of how much the wake vortex element strength reduces in time. The wake is propagated downstream
to just under 5 chord lengths. We sampled three different time steps to assess the error in the relative wake strength.
Figure 7 shows the relative wake vortex strength and error of the dissipation term in the ODE formulation across time.
Qualitatively, applying the dissipation derivatives to the wake element strengths in the ODE formulation matches well
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Fig. 7 Wake dissipation across various time steps.

with the analytical closed-form solution. We see a direct correlation between the accumulated error in the relative wake
strength and the time step. As we cut the time step in half, the error is also halved. This is expected, given that forward
Euler, a first-order method, is used to integrate across time. We anticipate that the error can be further controlled using
higher-order time integration schemes. Although there are noticeable errors in the relative wake strength across time, it
is important to note the overall impact of the far-field wake elements on the solution. Induced potentials and velocities
scale with 1/𝑟 and 1/𝑟2, respectively. As a result, the solution will be more heavily influenced by the near-field elements.
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E. Propeller Experimental Validation
We validate our unsteady VLM model using experimental data from a study conducted at the Low Speed Acoustics

Wind Tunnel (LSAWT) at the NASA Langley Research Center [38]. We compare our VortexAD results against the
experimental data of the C24ND proprotor. The C24ND propeller design parameters are shown in Table 1. The C24ND

Table 1 Propeller parameters for the LSAWT test

Parameter Value

Blades 3
Diameter (inch) 24

Hub diameter (inch) 4.8
Chord (inch) 1.5
Pitch (inch) 16
Twist (rad) arctan

(
𝑃

𝜋𝐷 𝑟
𝑅

)
propeller uses a helical twist distribution, as shown in Table 1. 𝑃 is the propeller pitch, 𝐷 is the diameter, and 𝑟

𝑅
is the

nondimensional radial station of the blade. We use a numerical setup similar to that of Ingraham et al., modeling each
blade with 20 spanwise panels and 6 chordwise panels [33]. The propeller was simulated with four full revolutions.
The VortexAD results are shown in comparison to the LSAWT experimental data in Figure 8. We see reasonable

0.2 0.3 0.4 0.5 0.6 0.7
Advance ratio

0.02

0.00

0.02

0.04

0.06

0.08

0.10

0.12

C T

LSAWT
VortexAD UVLM

Fig. 8 Comparison of the C24ND thrust coefficient prediction from the VortexAD UVLM solver vs. experimental
data across a range of advance ratios. The experimental setup and data are taken from an experimental study
conducted by Zawodny et al. [38].

agreement between the VortexAD UVLM results and the experimental data, especially for cases with higher advance
ratios. At higher advance ratios, there is less potential for wake mixing and interaction around the blade surfaces due to
the higher free-stream velocity. We can also see qualitative variations in the wake for different test cases. The propeller
wakes for two of the experimental cases are shown in Figure 9. The higher-thrust solution in Figure 9b experiences a
more noticeable slipstream contraction, compared to the low-thrust solution in Figure 9a. Qualitatively, this agrees
with momentum theory, which says that the streamtube should contract as the flow accelerates behind the propeller,
producing thrust. This is further justification that our free-wake method can reliably capture the relevant unsteady flow
physics. In the future, we aim to conduct studies comparing the numerical torque coefficient to experimental data as
well, as done in [33]. Viscous drag effects must be accounted for to accurately estimate the torque coefficient; however,
potential flow models alone cannot capture this effect. To compute viscous drag effects at each blade section, an airfoil
model is required. We aim to continue these studies in the future by coupling an airfoil model with the framework.
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(a) RPM = 7487, J = 0.647, 𝐶𝑇 = 0.009 (b) RPM = 7199, J = 0.523, 𝐶𝑇 = 0.042

Fig. 9 We see qualitative differences in the propeller wakes for two LSAWT test cases with different operating
conditions. The colors represent vortex strength. We see a more pronounced slip-stream contraction for the
higher thrust-coefficient case.

V. Numerical Experiments of the Free-Wake Model Using Partitioned Vectorization
In this section, we conduct numerical experiments to assess the computational cost of our general potential flow

framework, comparing the effects of using full and partitioned vectorization. As mentioned in Section III, partitioned
vectorization is a memory-reduction method previously developed for a steady panel code [29]. The previous work has
quantified the benefits of partitioned vectorization in a steady setting. Therefore, in this study, we focus on the impact
on the memory and run time of the unsteady free-wake solver.

Table 2 summarizes memory and time data for the unsteady free-wake solver with full and partitioned vectorization
(with a partition size of 1) across two different grids. For both grid sizes, the PV forward evaluation time is roughly

Table 2 We compare the forward evaluation memory and time of full vectorization vs. partitioned vectorization.
The free-wake simulations were conducted with 30 time steps to propagate the wake to a steady state.

Panels Full vectorization Partitioned vectorization Ratios (PV/FV)

Memory (GB) Time (s) Memory (GB) Time (s) Memory ratio Time ratio
808 0.2887 12.59 0.0253 23.74 0.088 1.886
2649 2.0258 71.15 0.3491 133.04 0.172 1.870

double that of the FV run time; these results agree well with data from our previous numerical experiments on the
steady panel method [29]. For the smaller grid size, we see more than an order of magnitude reduction in total memory.
However, this ratio worsens with larger grid sizes. This is expected, given that partitioned vectorization helps alleviate
the influence of the coefficient on the quadratic scaling that arises from storing intermediate operations in the linear
system matrix assembly.

Generally, we expect the memory and time of the unsteady solver to vary more significantly between full vectorization
(FV) and partitioned vectorization (PV) than the steady solver for two main reasons. First, the unsteady method requires
a linear solve at each time step; as a result, the linear system is generated 𝑛𝑡 times. We then expect the run time to
increase linearly with the number of time steps. Second, the free-wake computes the velocity at the wake nodes induced
by the body sources and doublets and the wake doublets; this reintroduces an additional quadratic scaling, now relative
to the number of time steps. Fully developed flows require substantial time steps to model the wake completely. As a
result, we expect that the quadratic scaling of the free-wake induced velocity computation will dominate the memory
cost. This also motivates conducting additional studies to explore the full memory and time Pareto front by varying the
partition size.
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VI. Conclusion
In this work, we have presented VortexAD, a novel graph-based linear potential flow analysis framework for

large-scale MDO. VortexAD models general 3D configurations using a panel method and thin 2D surfaces with
a vortex lattice method. We implement our framework in CSDL, a graph-based modeling paradigm, to automate
adjoint sensitivity analysis for gradient-based optimization. We utilize a free-wake method with vortex diffusion and
dissipation to model unsteady flows. We developed a novel ODE formulation for the free-wake-shedding problem. Our
ODE formulation is implemented using Ozone, an open-source graph-based ODE integration framework. With our
framework, we conducted verification and validation (V&V) studies across a set of steady and unsteady cases and
found reasonable agreement between our numerical results and the data. We then conducted numerical experiments to
quantify the benefits of applying partitioned vectorization to our framework to efficiently handle memory usage for
unsteady problems. We see noticeable memory reductions with partitioned vectorization, with run time scaling similar
to the steady panel method from our prior work [29]. Overall, these studies demonstrate the capability of our potential
flow analysis framework to efficiently and accurately model key aerodynamic phenomena for conceptual aircraft design.
Our framework is limited to modeling flows that ignore the effects of viscosity. Going forward, we aim to incorporate a
viscous model through an integral boundary layer (IBL) approach. In addition, we aim to validate our framework for
unsteady flow cases with significant surface-wake interactions, such as propeller-wing configurations, and demonstrate
aircraft design optimization.
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