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Large-scale multidisciplinary design optimization (MDO) is the solution of numerical
optimization problems involving dozens or more design variables and multidisciplinary models.
It can provide a systematic approach for dealing with high-dimensional design problems where
the engineer’s intuition is of limited value. One of the critical barriers is the complexity of
implementation for adjoint sensitivity analysis which is needed for efficient large-scale MDO.
Recently, a new modeling language, called CSDL, was developed that enables the construction
of a computational graph for the model. The graph can be used to implement automatic adjoint
sensitivity analysis, but the proposed compiler for CSDL incurs significant computational
overhead as the cost of the automation. This paper describes a method that eliminates this
overhead in the CSDL compiler by using a code generation technique that utilizes graph
traversal algorithms. Together, with CSDL, this method bears similarities to reverse-mode
algorithmic differentiation but has notable differences such as the application of the implicit
function theorem and the use of hybrid dense-sparse linear algebra. The proposed method
shows an order of magnitude improvement in computation time compared to the previous
compiler. The results indicate that this method is an effective method for sensitivity analysis of
large-scale MDO models that achieves both efficiency and automation.

I. Nomenclature

𝐺 = computational graph
𝐹 = set of variables to take derivatives of
𝑈 = set of variables to take derivatives with respect to
𝑃(𝑥) = predecessors of node 𝑥 in 𝐺

𝑆(𝑥) = successors of node 𝑥 in 𝐺

II. Introduction
Multidisciplinary design optimization (MDO) is the formulation and solution of numerical optimization problems to

aid in engineering design, where the model involves multiple models. The models involved in MDO algorithms are
often constructed by assembling a diverse variety of sub-models for different disciplines, subsystems, design conditions,
missions, and so on. Hence, the overall multidisciplinary model can be described as heterogeneous.

Large-scale MDO focuses specifically on the subset of MDO problems where there are dozens or more design
variables, leading to a high-dimensional design problem. To avoid the curse of dimensionality, gradient-based
optimization algorithms need to be used for this class of problems, which makes efficient and accurate sensitivity
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analysis an important consideration. The presence of both a large number of design variables and many disciplines,
contributing to a heterogeneous model, compound the challenges of efficient and accurate sensitivity analysis.

The complex models involved in MDO problems motivate the use of MDO frameworks to assemble the model
and solve the resulting optimization problem. MDO frameworks are software environments for constructing models
that facilitate the assembly of larger models from sub-models, interfacing to optimization algorithms, application of
common numerical solvers, and visualization, among other tasks.

Frameworks specifically designed for large-scale MDO have an additional benefit that part of the effort to implement
sensitivity analysis models can be automated. Two examples of such frameworks are OpenMDAO [1] and GEMSEO [2].
These frameworks rely on the model developer to implement code to compute the partial derivatives of components
of their model and then centrally combine these to form total derivatives—the derivatives ultimately needed for
gradient-based optimization. However, the computation of partial derivatives is time- and skill-intensive and currently
forms the bottleneck for large-scale MDO.

Recently, this bottleneck was overcome by the development of a modeling language called the Computational System
Design Language (CSDL) [3]. With CSDL, a three-stage compiler automates the computation of both the partial and
total derivatives. However, their approach is based on the modular analysis and unified derivatives (MAUD) architecture
which causes it to incur large computational overhead (section III.A) that is overcome by the method presented here [4].

This paper presents a method centered around an algorithm that automatically generates efficient reverse-mode
derivative computation code, building on the framework proposed by Gandarillas et al. [3] and decreases computation
time by an order of magnitude compared to their MAUD-based approach. Together, with CSDL, this method bears
similarities to reverse-mode algorithmic differentiation but has the following notable differences. We leverage the
implicit function theorem to efficiently propagate derivatives through nonlinear solvers, something done by only a
handful of AD libraries. We also take advantage of known sparsity patterns of mathematical operators to generate code
that uses a hybrid of dense and sparse matrix algebra through a novel scheme. Finally, we use the structure of the
computational graph to limit unnecessary derivative propagations.

In the next section, we review MDO frameworks, AD methods and implicit differentiation in detail. Then we
describe our methodology, and finally present numerical experiments on seven real-life applications that uses our
method.

III. Background
Prior to presenting our methodology, we provide a brief overview of modeling frameworks for multidisciplinary

optimization (MDO), automatic differentiation methods, and the implicit function theorem as well as its applications.

A. Modeling frameworks for MDO
A modeling framework is a software library, together with a software interface or a modeling language, that facilitates

the construction of complex models. Models used in MDO algorithms are often complex because they capture multiple
subsystems of disciplines. Further, gradient-based MDO often motivates modular approaches for performing sensitivity
analysis that assemble derivatives from sub-models. These properties make it valuable and important to use a modeling
framework to construct the model in MDO settings.

One of the widely used MDO modeling frameworks is OpenMDAO, a Python framework that allows users to
easily build models of coupled systems in an hierarchical and object-oriented manner [1]. This approach is well-suited
and intuitive for MDO problems as they often require considerable coordination between systems. OpenMDAO also
automatically computes total derivatives using user-provided partial derivatives for each system [1].

Another well-known software is GEMSEO, a robust MDO design software also written in Python [2]. Like
OpenMDAO, GEMSEO allows easily modeling of MDO problems with automatic derivative computations. In addition,
it allows users to pick and automatically apply MDO solution architectures [2].

Finally, the three-stage compiler framework introduced by Gandarillas et al. allows for efficient modeling of
MDO models and is the framework we base our work on [3]. We will briefly review the architecture surrounding the
Computational System Design Language (CSDL) upon which our method is constructed.
CSDL is a novel algebraic modeling language that leverages a graph-based, three-stage compiler framework to

automatically compute sensitivities as depicted in figure 1. The first stage of the compiler consists of the user writing
CSDL source code that models their MDO problem and an intermediate representation of the given MDO model is built
in the form of a directed acyclic graph. Then in the second stage, the graph is transformed to increase efficiency. This
graph data structure contains dependency information for all mathematical operations in the model, which is then used
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Fig. 1 From Gandarillas et al., the three stage compiler used for CSDL [3].

to build an executable that evaluates the model and its derivatives. This final part, the third stage or what we call the
back end, is the area of focus of this paper.

Essentially, the back end performs the important task of evaluating the computational graph and computing its
derivatives. In Gandarillas et al., the back end implementation is achieved by building an OpenMDAO problem.
Specifically, this is accomplished by defining all mathematical operations as OpenMDAO components along with their
partial derivatives and leveraging the total derivative computation offered by OpenMDAO’s implementation of the
modular analysis and unified derivatives (MAUD) architecture to get access to sensitivities [1].

Thus, unlike pure OpenMDAO, users do not need to provide any partial derivatives which can significantly decrease
implementation complexity for the user. This is demonstrated in figure 2 from Gandarillas et al. [3] that shows the
number of lines of code needed to implement physics-based wing and rotor aerodynamic analysis tools using CSDL and
OpenMDAO.

Fig. 2 From Gandarillas et al., the number of lines of code needed to implement a blade element momentum
(BEM) and vortex lattice method (VLM) solver in CSDL and OpenMDAO [3].

B. Automatic differentiation
As stated in the introduction, gradient-based optimization requires computing derivatives which is often non-trivial.

Specifically, optimization requires the constraint Jacobian and objective gradient with respect to design variables. One
simple approach is to use a finite-difference approximation. Although it is straightforward to implement, it is inefficient
due to the need to evaluate the model once for each input. Further, it has non-trivial truncation error [5]. Alternatively,
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symbolic differentiation involves deriving the exact mathematical expression for derivatives. However, this approach
can be very expensive as the expression can become large.

Automatic differentiation (AD) is an alternative approach that involves propagating derivatives through each
low-level operation in a program [6]. A significant advantage of the AD technique is that it eliminates the need for
user-defined derivatives, while also offering accurate values and relatively fast computational speed [7] [8]. There are
two key mathematical formulations for automatic differentiation: forward mode and reverse mode. Forward-mode
differentiation consists of applying the chain rule in the same direction of the program evaluation procedure. On
the other hand, reverse-mode differentiation consists of computing derivatives from the outputs of the function and
successively applying the chain rule backwards. Consequently, the latter method usually requires a full evaluation of the
program prior to computing derivatives, unlike forward mode differentiation which does not have such a limitation.

The computational complexity of each mode can be shown by relating them to the computation of the total derivative
Jacobian 𝐽 ∈ R𝑚×𝑛 where 𝑛 denotes the number of inputs and 𝑚 represents the number of outputs. In the context of
optimization, the total derivative Jacobian is the derivatives of the objective and constraints with respect to design
variables. Forward mode differentiation can be generalized as computing one column of 𝐽 per sweep while one reverse
mode sweep computes one row of 𝐽 a time [8]. Thus, reverse mode is generally more efficient than forward mode
when 𝑚 < 𝑛 and vice versa. Finally, we draw attention to optimal Jacobian accumulation, a hybrid approach using
both forward mode differentiation and reverse mode differentiation that can be more efficient than both methods [9].
Unfortunately, optimally performing this procedure has been proven to be NP-complete although there are approximation
algorithms that attempt to solve it [9].

There are two ways to implement AD: source code transformation and operator overloading [5]. Source code
transformation generates source code of the derivative computation used for AD. On the other hand, operator overloading,
as the name suggests, overloads math operators to perform derivative computation in addition to their original behavior
[7]. AD frameworks can also be classified as static or dynamic [10]. Static frameworks build a computational graph once
and is used repeatedly. This is beneficial as expensive graph optimizations can be performed once during the compile
stage. In contrast, dynamic frameworks regularly rebuild the computational graph during runtime [10]. Although more
expensive, dynamic frameworks are often easier to debug and offer more flexible control flow.

Automatic differentiation is a well-established domain of research that has been studied extensively for decades and
has been used for statistical analysis [7] and gradient-based optimization. In recent years, the popularity of AD has
increased significantly due to its relevance in the domain of machine learning. One of the most popular implementations
is TensorFlow, an open-source Google library made for deep learning that creates a static optimized computational
graph with AD capabilities [11]. Chainer, another framework for machine learning, also uses a static graph structure and
uses back-propagation (reverse mode differentiation) for AD [12]. On the other hand, PyTorch is a dynamic framework
that implements reverse mode differentiation using operator overloading [10]. Similarly, TensorFlow Eager is a feature
of TensorFlow [13] that also allows dynamic construction of the computational graph. Finally, Caffe is another deep
learning framework that utilizes back-propagation[14]. The aforementioned libraries are heavily focused on performance
and all offer GPU support.

Another high performance library is JAX. A Python library based on Harvard’s Autograd [15], JAX’s Numpy-like
API allows members of the scientific computing community access to efficient derivative computation through JIT
compilation [16]. It performs automatic forward and reverse mode differentiation to compute derivatives of any order.
Similarly, the Stan Math Library is a robust, general purpose C++ library that can perform forward mode, reverse mode
as well as mixed mode differentiation using operator overloading [17]. Aesara (previously known as Theano) is another
general purpose tensor-based Python library that allows graph compilation as well as symbolic differentiation [18]. Two
powerful libraries not implemented in Python or C++ are the ForwardDiff.jl and ReverseDiff.jl libraries which perform
forward mode and reverse mode differentiation respectively in the Julia language [19] [20].

Although all aforementioned libraries are robust and efficient, they are not built with MDO applications in mind.
For example, they do not provide a user-friendly interface for implementing subsystems and their connections, as
OpenMDAO or GEMSEO do. Further, many of them do not efficiently propagate derivatives through implicit functions.
To demonstrate the difference in complexity of MDO models and machine learning models, figure 3 compares a selection
of real-world machine learning networks and MDO models that were all implemented in CSDL. The machine learning
networks are typically written in one of the aforementioned AD libraries. Notably, MDO models use more implicitly
defined functions, a larger number of models (subsystems) and deeper model hierarchies.
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Fig. 3 Differences in complexity between MDO models and machine learning models. The machine learning
models (including neural networks, support vector machines, linear regression, and logistic regression) were
written and utilized CSDL’s automatic differentiation to compute gradient functions.

C. Implicit Function Theorem
A special, and not often considered, case in automatic differentiation is propagating derivatives through implicitly

defined mathematical operators. For example, a user may wish to differentiate a program that involves the solution of
𝐹 (𝑥, 𝑦) = 0 for 𝑦 with the goal of computing 𝑑𝑦/𝑑𝑥 where 𝑥 has been computed before 𝐹 is called. Although not as
common in machine learning applications, solving an implicitly defined function is common in scientific computing
and multidisciplinary design optimization where strong coupling often exists between disciplines. Such functions are
often solved using an iterative nonlinear solver such as Newton’s method or nonlinear block Gauss-Seidel [4]. However,
iterative solvers pose challenges when applying automatic differentiation as derivatives must be propagated through each
iteration which leads to large computation costs. Christianson [21] proposed a method to reverse through the graph but
to adjust the number of iterations during the reverse sweep. Further, Azmy [22] presented a procedure by differentiating
a single additional iteration.

However, an approach that exploits the implicit function theorem has been shown to be an effective use for automatic
differentiation. The statement of the implicit function theorem is as follows. Let 𝐹 (𝑥, 𝑦) : R𝑝+𝑞 → R𝑞 be a continuously
differentiable function with 𝜕𝐹/𝜕𝑦 invertible where 𝑦 ∈ R𝑞 contains the dependent variables and 𝑥 ∈ R𝑝 contains the
independent variables. Consider a point (𝑥∗, 𝑦∗) where 𝐹 (𝑥∗, 𝑦∗) = 0. Let 𝐹𝑥 (𝑥∗, 𝑦∗) and 𝐹𝑦 (𝑥∗, 𝑦∗) be

𝐹𝑥 (𝑥∗, 𝑦∗) =


𝜕𝐹0
𝜕𝑥0

(𝑥∗, 𝑦∗) . . .
𝜕𝐹0
𝜕𝑥𝑝

(𝑥∗, 𝑦∗)
...

...
𝜕𝐹𝑞

𝜕𝑥0
(𝑥∗, 𝑦∗) . . .

𝜕𝐹𝑞

𝜕𝑥𝑝
(𝑥∗, 𝑦∗)

 , 𝐹𝑦 (𝑥∗, 𝑦∗) =


𝜕𝐹0
𝜕𝑦0

(𝑥∗, 𝑦∗) . . .
𝜕𝐹0
𝜕𝑦𝑞

(𝑥∗, 𝑦∗)
...

...
𝜕𝐹𝑞

𝜕𝑦0
(𝑥∗, 𝑦∗) . . .

𝜕𝐹𝑞

𝜕𝑦𝑞
(𝑥∗, 𝑦∗)


A result of the implicit function theorem is that

𝜕𝑦

𝜕𝑥
(𝑥∗, 𝑦∗) = −𝐹𝑦 (𝑥∗, 𝑦∗)−1𝐹𝑥 (𝑥∗, 𝑦∗). (1)

Let 𝑥 and 𝑦 denote intermediate variables in a program to which AD is applied. During the forward or reverse
accumulation procedure, the partial Jacobian 𝜕𝑦/𝜕𝑥 of an operation can be replaced with equation (1). This mandates
a linear system to be solved instead of explictly computing 𝜕𝑦/𝜕𝑥 which can save significant computational costs.
Notably, this approach has been implemented in software packages such as JAXopt, which builds on JAX [23], and
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ImplicitAD.jl∗, which builds on Julia’s AD framework.

IV. Methodology
In this paper, we present a novel method for the back end in three-stage compiler proposed by Gandarillas et al.,

which was described in section III.A. The back end exploits the static graph structure to build an executable that
efficiently evaluates the model and computes its derivatives using reverse mode differentiation as detailed in section
III.B. Finally, we use the implicit function theorem to propagate derivatives through operations using nonlinear solvers
using the implicit function theorem which was presented in section III.C.

A. Computational Graph
The computational graph 𝐺 is a static representation of the user-defined Computational System Design Language

CSDL Model and is only built and processed once during the compilation step, allowing graph optimizations not normally
available with dynamic graph frameworks. It is in this compilation step that executables for model evaluation and
derivative computation are built and is the subject of our main contribution. Henceforth, we assume that 𝐺 has already
been built according to Gandarillas et al. [3]

We proceed by defining the structure of the computational graph 𝐺 as implemented in CSDL. The structure is similar
to that of Aesera (Theano) [18], where 𝐺 is directed, acyclic and bipartite. Nodes represent either multi-dimensional
arrays or mathematical operators on them denoted as Variables and Operations respectively. Directed edges
represent dependencies between Operations and its inputs and outputs which are Variables. An Operation node
always has at least one Variable node in its set of predecessors (inputs to the operation) and successors (outputs to the
operation), meaning leaf nodes of 𝐺 are always Variables. Further, Variable nodes may have multiple Operation
successors but only zero or one Operation predecessor. An example can be seen in figure 1.

As mentioned in the background section, anOperation node can generally be one of three types: StandardOperation,
CustomOperation, or ImplicitOperation. A StandardOperation is the most basic type and consists of explicitly
defined mathematical functions fully defined in CSDL such as addition, multiplication, trigonometric operations, or
matrix-multiplication and so on. For these operations, the partial derivative Jacobian is automatically determined.
For external codes and special operations, a CustomOperation can be defined by the user. The user provides a
Python method for evaluating the operation and a method that computes its partial derivatives given its input values.
They have the freedom to utilize tools beyond Numpy, as long as derivative information is provided. Finally, an
ImplicitOperation is an implicit function defined by a residual as defined in equation (1). These nodes contain their
own computational graph instances defining the calculation of the residual as defined in Gandarillas et al. [3] as well as
their own non-linear solver.

B. Model Evaluation
Calling the executable of the model evaluation performs all computations of the user-defined CSDL Model given a set

of input values. A straightforward code generation technique is used to build a sequential program in an iterative manner.
A topological ordering 𝑇 of the computational graph is determined using an implementation of Kahn’s algorithm to
guarantee correct outputs. For every Operation node in 𝑇 , the instructions to evaluate the specific mathematical
expression is appended to a comprehensive instructions object in order. The appended instruction at each operation
depends on the three types of Operation nodes as discussed in the previous section. For a StandardOperation, the
instructions are simple strings of the mathematical operation given the names of the outputs and inputs. A compiled
language can be used for the instructions as information on Variable shapes are static and known ahead of time. For the
implementation used in this paper, Numpy code is used. For a CustomOperation node, the instruction involves calling
the user-defined Python method while providing the values of its input. Finally, if a node is an ImplicitOperation,
its specified non-linear solver is invoked as well as its residual evaluation executable from its own computational graph.

Unlike StandardOperation nodes which can be defined using pure strings, ImplicitOperation nodes have
solver objects associated with them. Available non-linear solvers are inspired by those used in OpenMDAO [1]. These
include Newton’s method, non-linear block Gauss-Seidel and the bracketed search method. Each of these solvers create
their own isolated executables of the computational graph defining the residual evaluation as well as its derivatives. The
residual evaluation is called as needed by their respective solvers.

∗https://github.com/byuflowlab/ImplicitAD.jl
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Finally, for any operation that requires it, any constant variables that are defined at compile time and needed for
evaluation are provided with the instructions for each operation.

C. Derivative Evaluation
The executable for derivative evaluation provides derivatives at the current state of the model. Unlike model

evaluation, the user supplies the names of any variables to take derivatives of as well as any variables to take derivatives
with respect to. The provided variables are not limited to leaf nodes and can be any subset of variables in the
computational graph. Let the set of variables to take derivatives of be 𝐹 and the set of variables to take derivatives
with respect to be 𝑈. Therefore, derivative evaluation computes 𝑑𝑓𝑖/𝑑𝑢 𝑗 for all 𝑓𝑖 ∈ 𝐹 and 𝑢 𝑗 ∈ 𝑈. As stated
previously, it is often the case that 𝐹 consists of the objective and constraints while 𝑈 consists of the design variables
for multidisciplinary optimization problems. The underlying structure for building the executable is similar to that of
model evaluation. Smaller instructions are iteratively added to a comprehensive set of instructions to build a sequential
program which can then be compiled.

We now present our general approach for computing the aforementioned total derivatives from the computational
graph 𝐺. Without loss of generality, we consider the problem of computing 𝑑𝑓 /𝑑𝑢 for all 𝑢 ∈ 𝑈, where 𝐹 consists of
only a single variable 𝑓 . A high-level overview of the procedure is shown in algorithm 1. As discussed previously, we
generate reverse-mode differentiation code. Before the main graph traversal loop, we initialize several data structures
during pre-processing. These include an empty set data structure denoted as ComputedPartials which will contain
strings of operation names and another empty set that will contain node name strings VisitedVars. Further, a static
set UDescendants which is the union of descendants of 𝑢 for all 𝑢 ∈ 𝑈 and the ancestors of 𝑓 called FAncestors are
computed in linear time with the number of nodes in the graph. Finally, a queue of variable names Q initialized as [ 𝑓 ] is
used for the graph traversal.

Algorithm 1 Generate reverse-mode differentiation code
1: while 𝑄 do
2: Verify whether the successors of the current operation 𝑜𝑣 have been processed.
3: If necessary, compute dense/sparse partial Jacobian of 𝑜𝑣 depending on operation sparsity structure. (section IV.C.1).
4: Accumulate derivatives through 𝑜𝑣 using matrix-multiplication, vjp or implicit propagation (section IV.C.2).
5: Update 𝑄 with newly available nodes based on dependency relationship of 𝑜𝑣 and 𝑈 (section IV.C.3).
6: end while

The main loop is a standard breadth-first traversal of 𝐺 from 𝑓 with some minor modifications. Firstly, we traverse
𝐺 in the opposite direction of the directed edges. Additionally, we use VisitedVars to traverse the graph in reverse
topological order. The current variable being processed will be the front, removed element of 𝑄 and is denoted as 𝑣
while the predecessor operation that computes 𝑣 is denoted as 𝑜𝑣 .

At each iteration of the traversal, there are three main steps: compute partial derivatives, accumulate the Jacobians,
and update available nodes. We provide an overview of the fundamental steps and present a more thorough explanation
in subsequent sections. We begin by immediately adding 𝑣 to VisitedVars and checking if all successors of 𝑜𝑣 exists
in VisitedVars or not present in FAncestors. If the preceeding checks do not pass, the outputs of 𝑜𝑣 have not been
fully visited for reverse accumulation, triggering a move to the next iteration of the graph traversal. Otherwise, we
continue with accumulation by computing the partial derivative Jacobians of 𝑜𝑣 (if required). Then, we perform the
matrix-multiplication or accumulation procedure governed by the chain rule to propagate derivatives through to the
inputs of 𝑜𝑣 . Finally, we update 𝑄 with any newly available variables.

1. Partial derivatives
For StandardOperation nodes, explicit partial derivative matrices are used for the derivative accumulation as per

the chain rule. Similar to model evaluation, the instructions are strings of code that evaluate the mathematical expression
of the operation’s partial derivative matrix. The instructions are added to the comprehensive derivative instruction set as
needed. To avoid unnecessary recomputations, the operation is added to ComputedPartials whenever the partials
are added to the instruction set. When an operation’s partials are needed for accumulation again, a check to see if the
operation is already in ComputedPartials is done.

A large percentage of the StandardOperation set are elementwise functions which are characterized by a direct
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index mapping between the input and output tensors. Examples include addition, multiplication and trigonometric
functions. The partials of such operations have a specialized structure as they are purely diagonal. Repeated construction
of the full matrix is expensive; thus we instead build a 1D vector consisting of only the diagonal entries.

There is also the issue in the non-uniformity of tensor sizes of operation input and output variables. Using dense
linear algebra for derivative propagation on operators is computationally infeasible for large variables. Conversely,
using sparse algebra for small and dense Jacobian products leads to wasteful computations. Fortunately, our static graph
framework gives us information on the sparsity structure of StandardOperation nodes as well as variable tensor sizes.
We leverage this information by determining a sparse or dense representation of Jacobians on an operation-by-operation
basis in the compilation stage. Therefore, instructions produced for 𝑜𝑣’s derivatives reflect the chose data structure. We
note that any value that can be pre-computed is also computed ahead of time. For example, if 𝑜𝑣 has a static sparsity
structure, the partials matrices are pre-allocated and only the non-zero indices are updated at runtime.

Finally, we note that the aforementioned technique may not be applicable when 𝑜𝑣 is a StandardOperation
instance. For CustomOperation nodes, users have an option of providing methods that compute partial derivative
matrices. In this case, sparse or dense matrix-multiplication is performed depending on the data structure provided
by the user. However, they also have the option of providing a method that performs a vector-Jacobian product.
This is equivalent to providing a function that continues the derivative propagation given vector-Jacobian products
instead of performing matrix multiplication explicitly. These accumulation functions are also applicable when 𝑜𝑣 is an
ImplicitOperation instance and used for the implicit-function theorem as described in the following section.

2. Reverse accumulation
With partial derivatives of 𝑜𝑣 taken into account in the instruction set, the chain rule must be applied. Specifically,

the propagated derivatives of 𝑓 with respect to all outputs (successors) of 𝑜𝑣 . This step is done using reverse mode
differentiation.

We first give an overview of the approach taken when 𝑜𝑣 has an explicit partial derivative matrix defined as per the
case described in the preceding section. For each successor variable 𝑠 in the set 𝑆(𝑜𝑣) of successors to Operation node
𝑜𝑣 , there is a path accumulation variable 𝑠 associated. The value of 𝑠 represents the derivative 𝑑𝑓 /𝑑𝑠. To propagate
derivatives to a predecessor 𝑝 in the set 𝑃(𝑜𝑣) of predecessors of 𝑜𝑣 , we use

𝑝 =
𝑑𝑓

𝑑𝑝
=

∑︁
𝑠∈𝑆 (𝑜𝑣 )

𝑠
𝜕𝑠

𝜕𝑝
(2)

Instructions describing these matrix multiplications and additions are added to the comprehensive instructions at this
stage. The computation for the partial derivatives 𝜕𝑠/𝜕𝑝 are already taken into account at this point either from the
preceding section or from earlier due to the topologically ordered traversal using VisitedVars. Similarly, 𝑠 have been
computed for all 𝑠 ∈ 𝑆(𝑜𝑣)for the same reason as they are simply the left-hand-side of equation 2 for any directly
succeeding operations to 𝑜𝑣 that are ancestors of 𝑓 which have already been traversed.

As mentioned previously, any matrix partials of 𝑜𝑣 are assumed to be either sparse or dense. The matrix multiplication
and addition procedures take any potential differences in data structure into account. Further, elementwise operations
have their partials stored as a one-dimensional vector representing their diagonal elements. For such operations, a
row-wise multiplication is performed instead of the standard matrix-multiplication, saving costs of unnecessary matrix-
multiplications and matrix construction. Finally, if 𝑜𝑣 is that of a CustomOperation, a method for a vector-Jacobian
product may be provided instead of the full partial derivative matrix. For such cases, we use

𝑃̄𝑖,: = vjp(𝑆𝑖,:, 𝑃), (3)

where
𝑃̄ =

[
𝑝0 . . . 𝑝𝑚

]
, 𝑆 =

[
𝑠0 . . . 𝑠𝑛

]
,

and vjp is the vector-Jacobian product method provided by the user. It is evident that the number of vjp calls to build 𝑃̄

is equal to the number of rows in 𝑆 which is equivalent to the size of 𝑓 . To obtain the accumulated derivatives of each
variable 𝑝, we extract the relevant columns from 𝑃̄.

More care for computational efficiency is taken for functions defined implicitly using ImplicitOperation instances.
Here, let 𝑅 denote the function computing the residual in 𝑜𝑣 . The implicit function theorem is applied as per equation 1:

𝑃̄ = −𝑆𝑅𝑆 (𝑆∗, 𝑃∗)−1𝑅𝑃 (𝑆∗, 𝑃∗). (4)
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We then can obtain a linear system:

𝑃̄𝑇 = −𝑅𝑃 (𝑆∗, 𝑃∗)𝑇
(
𝑅𝑆 (𝑆∗, 𝑃∗)−𝑇𝑆𝑇

)
, (5)

where

𝑅𝑆 (𝑆∗, 𝑃∗) =


𝜕𝑅0
𝜕𝑠0

(𝑆∗, 𝑃∗) . . .
𝜕𝑅0
𝜕𝑠𝑛

(𝑆∗, 𝑃∗)
...

. . .
...

𝜕𝑅𝑛

𝜕𝑠0
(𝑆∗, 𝑃∗) . . .

𝜕𝑅𝑛

𝜕𝑠𝑛
(𝑆∗, 𝑃∗)

 , 𝑅𝑃 (𝑆∗, 𝑃∗) =


𝜕𝑅0
𝜕𝑝0

(𝑆∗, 𝑃∗) . . .
𝜕𝑅0
𝜕𝑝𝑚

(𝑆∗, 𝑃∗)
...

. . .
...

𝜕𝑅𝑛

𝜕𝑝0
(𝑆∗, 𝑃∗) . . .

𝜕𝑅𝑛

𝜕𝑝𝑚
(𝑆∗, 𝑃∗)

 ,
and 𝑆∗ and 𝑃∗ denote values at the fixed point 𝑅(𝑆∗, 𝑃∗) = 0. Recall that a separate computational graph exists for 𝑅,
implying access to executables for the evaluation of 𝑅 and its derivatives. These are used to compute 𝑅𝑆 (𝑆∗, 𝑃∗) and
𝑅𝑃 (𝑆∗, 𝑃∗). The criteria for improved performance of equation 5 over is clear. When solving equation 5, the number of
linear systems to solve is equal to the size of 𝑓 while for equation IV.C.2, it is equal to the total size of 𝑃. For MDO
problems, it is often the case that 𝑓 is an objective variable and thus a scalar, meaning equation 5 reduces the number
the of linear systems to solve. However, there is certainly a benefit in using equation IV.C.2 in some situations as the
linear systems can be solved once independent of 𝑓 . A linear solver can be specified to solve the system depending on
the structure of 𝑅. Finally, to get accumulated derivatives of each variable 𝑝, we extract the appropriate sections of the
matrix 𝑃̄.

3. Updating available nodes
At this point, 𝑜𝑣’s predecessors have had its derivatives propagated and we update 𝑄 to update newly available

nodes for the graph traversal. However, it is not necessarily the case that we add all predecessors 𝑝 ∈ 𝑃(𝑜𝑣) to 𝑄 as
𝑝 may not necessarily depend on 𝑈. For this reason, we only add 𝑝 to 𝑄 if they are in the set UDescendants. This
behavior combined with the reverse graph traversal ensures we only accumulate operations in the set

𝑉 𝑓 = Ancestors( 𝑓 )
⋂ (⋃

𝑢∈𝑈
Descendants(𝑢)

)
, (6)

to compute the derivatives 𝑑𝑓 /𝑑𝑢∀𝑢 ∈ 𝑈.

Fig. 4 A simple example showing a computational graph and its generated expression. This model contains one
implicitly defined function 𝑅 as well as two outputs 𝐹 = { 𝑓0, 𝑓1} and three inputs 𝑈 = {𝑢0, 𝑢1, 𝑢2}.

So far, we have made the assumption that 𝐹 contains only a single variable 𝑓 . However, it is common to have other
variables such as constraints that requires derivatives. For the general case of an arbitrary size 𝐹, the above procedures
are repeated for all 𝑓 ∈ 𝐹 with the exception of reinitializing ComputedPartials and recomputing UDescendants.
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model
depth

# of
nodes

# of
unique
opera-
tions

max
vari-
able
size

# of
models

# of
outputs

# of
inputs

# of im-
plicit
opera-
tions

# of
linear
solves

ratio
saved
from
accu-
mula-
tion

sparse
Jaco-
bian
ratio

Power-Beaming 2 303 5 1 12 11 8 0 0 0.7116 0.0
NASA Lift Plus Cruise 12 61892 40 1.09E+7 153 19.0 111 57 86 0.9443 0.2194
Blade Element Momentum 4 811 18 180 8 3 15 1 3 0.6206 0.6906
Trajectory Optimization (Time-
marching)

5 5043 18 40 12 93 121 0 0 0.9983 0.0

Trajectory Optimization (Col-
location)

5 5254 22 156 12 1068 1096 0 0 0.9947 0.0965

Motor Optimization 7 1703 17 25 12 1 2 5 5 0.1755 0.0
Vortex Lattice Method 8 1561 18 1800 26 1 99 1 1 0.2152 0.8669
MNIST dataset 1 25 4 2.51E+7 0 20 7960 0 0 0.3333 0.7778
PDE Optimal Control 3 40101 10 12100 1 1 41 0 0 0.0 0.0001
Logistic Regression 1 33 6 14105 0 1 31 0 0 0.2 0.8333
Support Vector Machine 1 39 8 4.00E+6 0 1 3 0 0 0.125 0.3571

Table 1 Overview of models implemented in CSDL and their problem details. Italicized models indicate machine
learning models.

We note that traversing the graph multiple times can potentially lead to redundant operation accumulation procedures if
there are variables in 𝐹 with many ancestors. However, we attempt to reduce this cost by minimizing the number of
operations considering only one variable at time. Further, if an operation has explicit partial derivatives, recomputations
of partials are avoided using ComputedPartials.

Figure 4 shows a trivial example of a computational graph containing an ImplicitOperation with three inputs
𝑈 = {𝑢0, 𝑢1, 𝑢2} and two outputs 𝐹 = { 𝑓0, 𝑓1}. The generated code for each output and its derivatives are shown on the
right. We demonstrate that the computation of both 𝑑𝑓0/𝑑𝑢2 and 𝑑𝑓0/𝑑𝑢1 can be achieved with only a single linear
system solved. Further, we can see the effects of our graph-traversal algorithm ignoring operations not involved in
derivative computation.

V. Numerical Experiments
In this section, we present numerical results from several practical multidisciplinary design optimization problems

that showcase the performance gain from our implementation of the methods described in section IV. The collection
of problems are real-world examples that span a wide range of classes that have all been successfully integrated into
CSDL and solved for various research projects. One problem is the large-scale multidisciplinary optimization (MDO) of
NASA’s lift-plus-cruise aircraft as studied by Sarojini et al. [24]. Another is the large-scale MDO of an aircraft powered
by a laser beam, which is a simplified version of the problem proposed by Orndorff et al. [25]. We also include three
discipline analysis tools: a rotor design tool by Ruh and Hwang [26] that uses blade element momentum theory, an
aerodynamic solver based on the vortex lattice method, and a low-fidelity motor analysis tool based on an equivalent
circuit model. Finally, we include two optimization problems that incorporate time-dependent simulations: a trajectory
optimization study of NASA’s lift-plus-cruise aircraft by Orndorff et al. [27] and a time-dependent optimization of a
non-linear reaction-diffusion reaction. The dynamic simulations use a CSDL-compatible ordinary differential solver
that provide adjoint-based derivatives. Implementation details and performance information of each application are
displayed in table 1.

In the following sections, we present performance results compared to the implementation by Gandarillas et al. [3]
which performs derivative computation based on the MAUD framework [1]. Then, we analyze some outcomes from our
method explained in section IV.

1. Performance comparison
In this section, we compare the computational efficiency for model evaluation and derivative computation of our

proposed approach and the implementation presented by Gandarillas et al. [3], where we refer to the latter as operation-
level MAUD. MAUD, which stands for modular analysis and unified derivatives, is an architecture that computes
derivatives for coupled models by solving the unified derivatives equation (UDE) [4] [5]. The implementation of MAUD
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has been realized in OpenMDAO [1] as discussed previously. We focus on operation-level MAUD, a special case where
where every low-level operation is considered as a separate OpenMDAO component. This contrasts with a traditional
use of MAUD, where the model is implemented directly in OpenMDAO, almost always with more manual effort required
to compute derivatives and with fewer, larger components, rather than more, smaller components. Operation-level
MAUD translates to an implementation where every Operation node is modeled as an component in OpenMDAO.
This results in an OpenMDAO problem consisting of a combination of StandardOperation and CustomOperation
explicit components and a few ImplicitOperation implicit components containing their own OpenMDAO problem
instances. Because the entire model is implemented in OpenMDAO, the derivatives are automatically computed using
OpenMDAO’s implementation of the MAUD architecture by solving the UDE. We solve the seven model problems

Power-Beaming NASA Lift Plus Cruise Blade Element
Momentum

Trajectory
Optimization

(Time-marching)

Trajectory Optimization
(Collocation)

Motor Optimization Vortex Lattice Method
10−1

100

101

102

S
p

ee
d

up
to

op
er

at
io

n-
le

ve
l

M
A

U
D

Evaluation Speed Up

Derivative Speed Up

No Speed Up

Fig. 5 Performance improvements from our proposed method compared to operation-level MAUD as imple-
mented by Gandarillas et al. on real-life applications. The speed up is computed by dividing the execution time
of operation-level MAUD by our approach.

described above in using this architecture and compare it to the method presented in this paper in figure 5.
We observed that there is about an order of magnitude speed up for derivative computation and slightly less for

model evaluation. The speed-ups demonstrate that the object-oriented structure of MAUD is a significant bottleneck for
computational performance. OpenMDAO creates separate object instances for each component and group. In Python,
there are significant overhead costs associated with such a large hierarchy tree of objects which can impede performance
of such structures. Such costs can be attributed to the dynamic nature of Python which requires run-time type checking
as well as interpreter overhead. Instead of computation through object-oriented programming, our code generation
technique builds an almost purely mathematical sequential program that can be compiled before execution. Further, our
graph-traversals are done once during compile-time as opposed to dynamic frameworks such as OpenMDAO which
does it at run-time.

Although model evaluation of operation-level MAUD and our proposed method differs only in program structure,
the two frameworks use fundamentally different approaches for derivative calculation. OpenMDAO solves the UDE to
compute total derivatives while our method uses reverse-mode differentiation. Although the problems span a wide
range of classes, it can be observed that all problems received a performance improvement by around an order of
magnitude and up to two orders of magnitude with the methods presented in section IV. These include cases like the
power-beaming example which has more outputs than inputs where reverse-mode differentiation is less effective. The
following sections explore these improvements in more depth.

We note that our comparisons are with operation-level MAUD, which was the method discussed and implemented
by Gandarillas et al. and is a specific and rather extreme case of MAUD. These comparisons are not with MAUD
and OpenMDAO in general. Further work must be done to comprehensively characterize the cause of performance
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differences between our approach and MAUD.

2. Impact of hybrid dense-sparse derivative propagation
In section IV.C.1, we discussed automatic sparse partial derivative detection when generating reverse-mode

differentiation code. Figure 6 shows improvements of our sparse-dense hybrid approach compared to the case when
all partials are dense or sparse for a vortex lattice method aerodynamic solver. On the left, we show the ratio of all
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Hybrid Jacobian Sparsity

Fig. 6 Performance of derivative computation procedure when operation partial derivative matrices are
exclusively sparse or dense compared to our automatic hybrid approach. The hybrid approach automatically
makes partial derivatives more sparse as mesh size increases.

operation partial derivatives that are sparse and dense as we increase mesh size. It can be observed that at smaller mesh
sizes, a significant amount of partial derivatives are dense due to smaller variables in the model. As we increase the
mesh size, variables get larger and in turn, more partials are determined to be sparse. On the right, we observe that our
automated hybrid sparse-dense approach has higher efficiency than when partials are exclusively sparse or dense. At
low mesh sizes, out hybrid approach matches the optimal dense approach as dense matrices are more computationally
efficient compared to their sparse counterparts when matrix dimensions are sufficiently small. However, the exclusively
dense formulation scales poorly with mesh size unlike the exclusively sparse formulation. This is due to the partial
matrices increasing exponentially with size which is unfavorable for the dense formulation. However, because the model
contains some operations independent of mesh size, it can be observed that some operations are better off using dense
partials. Our automated hybrid approach takes this into account, leading to improved efficiency.

Figure 7 shows the sparse/dense partial derivative percentage for all seven application problems. We note that there
is a heterogeneous distribution of sparsity where some models have a high fraction of dense operations and vice versa.
This indicates that our automatic hybrid dense/sparse approach is effective as it can accommodate models with varying
degree of variable sizes.

3. Effect of disconnected operations during accumulation
Finally, we investigate the effects of our queue updating mechanism discussed in section IV.C.3 that governs the

selection of the next nodes to be processed in our graph traversal. As discussed, our reverse-mode computations only
accumulates necessary operations for each 𝑓 in 𝐹. In the MAUD architecture, this approach is not taken and the entire
model consisting of all components are processed for each 𝑓 in 𝐹. For operation-level MAUD, this translates to every
operation being accumulated 𝑛𝐹 times where 𝑛𝐹 is the total number of scalars in 𝐹. On the other hand, our method
guarantees that this does not occur unless every input operation (an operation that has predecessors with in degree
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Fig. 7 Ratio of operation partial derivatives that are sparse as opposed to dense for differentiation. Each
operation has different factors such as variable input/output size and sparsity patterns that determines if its
sparse.

zero) has a predecessor in 𝑈 and every 𝑓 in 𝐹 has every operation in its ancestors. Figure 8 shows the percentage of
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Fig. 8 Ratio of vector-matrix accumulations as defined in equation (2) saved compared to operation-level MAUD.

vector-matrix accumulations saved compared to operation-level MAUD for our seven applications. The percent of
vector-matrix accumulations saved is computed from

% Saved =
∑︁
𝑓 ∈𝐹

(
1 −

𝑛𝑂 𝑓

𝑛𝑂

)
𝑛 𝑓

𝑛𝐹
, (7)
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where 𝑛𝑂 𝑓 is the number of operations in 𝑉 𝑓 from equation 6, 𝑛𝑂 is the total number of operations in 𝐺, and 𝑛 𝑓 is the
size of variable 𝑓 . We make the approximation that CustomOperations and ImplicitOperations are accumulated
through vector-matrix products. We can see that five out of seven problems save 60% more vector-matrix products
than operation-level MAUD. For the NASA lift-plus-cruise case, 83 linear systems were solved compared to the 1083
required by operation-level MAUD. However, we note that there are cases where the condition above applies and most
operations do get accumulated. These are often optimization problems where there is a single objective function that
will naturally depend on all design variables. An argument can be made that variables that are not design variables
should not be included in the computational graph as they can be pre-computed. This will decrease 𝑛𝑂 in equation 7
without decreasing 𝑛𝑂 𝑓 , leading to reduced impact from our method. However, it is not always known what variables
will be design variables in advance. Therefore, it is advantageous for the framework to permit any variable to be design
variables without loss in computational efficiency.

VI. Conclusion
In this paper, we presented a method to efficiently compute derivatives that enables efficient modeling of

multidisciplinary optimization (MDO) models. We described an algorithm that generates efficient code in the last
stage of the static, three-stage compiler framework described by Gandarillas et al. [3] The derivative computation is
based on reverse-mode differentiation and leverages the implicit function theorem for efficient derivative propagation
through nonlinear solvers. Further, we leverage the static computational graph to generate hybrid dense-sparse
Jacobian accumulation code and avoid redundant vector-matrix products. We compared our method to that of an
OpenMDAO-based implementation and saw performance gains of around an order of magnitude.

The most promising direction for future work consists of taking into account independent operations to automatically
generate code for parallel computing environments. Further, support for higher-order derivatives is also necessary
to improve optimization performance. Finally, exploring and implementing other modes of accumulation apart from
reverse-mode may also improve performance.
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