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Abstract We present Ozone, a Python library for solving ordinary differential equations (ODEs)
within gradient-based optimization algorithms. Ozone makes available the entire family of ex-
plicit and implicit Runge–Kutta methods and implements several solution approaches including
parallel-in-time approaches. A unique feature is the ability to perform sensitivity analysis for any
combination of method and solution approaches. Ozone is implemented as a library in the Compu-
tational System Design Language (CSDL), enabling the automatic computation of the derivatives
of the objective and constraints across the numerical integration process . This paper describes
the components of the software implementation of Ozone and demonstrates its features through
four illustrative applications. Ozone allows researchers to easily implement and solve ODEs for
optimal control and gradient-based multidisciplinary optimization.

Keywords Differential equations · Adjoint-based optimization · Parallel computing · Numerical
methods

1 Introduction

Ordinary differential equations (ODEs) often appear in mathematical models of complex engi-
neered systems, describing the evolution of the state of the system over time. The need to optimize
parameters of models containing ODEs arises frequently during the analysis and design of such
systems. Two classes of problems in this context are optimal control and multidisciplinary design
optimization (MDO). Optimal control involves finding an ideal control input profile for an ODE
to minimize or maximize a performance criterion under constraints. For example, minimum-time
low-thrust orbit transfers can be obtained through optimal control to find the corresponding thrust
profile (Graham and Rao, 2015). Another common application setting is the field of robotics, where
the goal is often to determine optimal actuation profiles for the robot (e.g., Yan et al. (2019)).
Optimal control is also used in chemical engineering such as for temperature control (Nolasco
et al., 2021). On the other hand, MDO problems involve multiple discipline models and seek to
optimize the design rather than control profiles. Discipline models in these problems often contain
ODEs. For instance, MDO is applied in aircraft, wind turbine, and satellite design, where ODEs
are used to model aircraft weight over missions, simulate wind turbine performance, and calculate
satellite trajectories (Hwang et al., 2019; Deshmukh and Allison, 2016; Hwang et al., 2014).

Both optimal control and MDO problems are often solved using gradient-based optimization
algorithms. These algorithms require not only the evaluation of objectives and constraints but
also their derivatives in the optimization loop.
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2 Mark Z. Sperry1, John T. Hwang1

However, computing derivatives of models that contain ODEs is non-trivial. Although methods
for numerical integration are well-established, time and memory costs can be high if there are a
large number of time steps or states. For derivative computation, the discrete adjoint method and
tangent-linear methods are two efficient general-purpose techniques (Gray et al., 2019). However,
applying them to a numerical integration procedure can be computationally expensive due to
the need to solve potentially large linear systems and store state values at multiple or all time
instances. Additionally, requiring partial derivatives of the ODE function can be a major obstacle
if they are difficult to derive analytically. Finally, interfacing the large implementation of an ODE
and their derivatives with other analysis models in the optimization problem can be a challenge
if there are many subsystems.

Despite the aforementioned challenges, there are a number of widely used ODE solver soft-
ware implementations with sensitivity analysis capabilities. DifferentialEquations.jl (Rackauckas
and Nie, 2017) is a robust, widely used ODE solver implemented in Julia with a large selection
of available methods. Another solver with built-in sensitivity analysis is FATODE (Zhang and
Sandu, 2014), written in Fortran, which allows the use of Runge–Kutta and Rosenbrock methods.
ODESSA computes sensitivities in conjuction with integration in Fortran. CVODES (Serban and
Hindmarsh, 2003), part of the SUNDIALS suite, employs the backward differentiation formula
or Adams–Moulton methods with checkpointing. Similarly, the DENSERKS library (Alexe and
Sandu, 2009) also uses the checkpointing technique. TSAdjoint (Zhang et al., 2019) allows com-
putation of first and second derivatives using checkpointing. Additionally, there are a number of
popular solvers focusing on optimal control that employ parallel-in-time methods. GPOPS-II (Pat-
terson and Rao, 2014) uses adaptive mesh refinement to increase efficiency. OpenMDAO’s Dymos
(Falck et al., 2021) allows analytic derivatives for sensitivity analysis. There are also specialized
solvers such as SODECL (Avramidis et al., 2020) that is built for solving stochastic differen-
tial equations in a parallel environment. SciPy, a popular open-source mathematical toolkit for
Python, offers a robust ODE solver with several explicit and implicit Runge-Kutta methods albeit
without native support for automatic sensitivity analysis with respect to parameters (Virtanen
et al., 2020). Finally, numerical integration routines with parameter sensitivities are available
for several Python machine learning libraries such as Tensorflow’s ODE module (Abadi et al.,
2015) and torchdiffeq for Pytorch (Chen et al., 2018), although they are primarily designed for
neural ODEs. However, to the best of our knowledge, there is currently no known software that
allows accessible utilization of both parallel and serial integration techniques, while also providing
automatic sensitivity analysis capabilities.

This paper presents Ozone, a Python library available at https://github.com/LSDOlab/

ozone with the ability to integrate ODEs using a variety of methods and approaches for large-
scale multidisciplinary optimization. Ozone makes available any method from the explicit or im-
plicit Runge–Kutta family. These can be solved using one of four solution approaches: time-
marching, time-marching with checkpointing, Picard iteration and collocation. Time-marching is
the standard sequential integrator that solves for the state history by stepping through time. Time-
marching with checkpointing uses the same technique, but significantly reduces memory usage at
the cost of an increase in computation time. Picard iteration is a parallel-in-time approach that
solves the ODE using fixed-point iteration. Collocation is another parallel-in-time approach but
it formulates and solves an optimization problem to compute the states. Ozone provides a flexi-
ble interface that allows users to seamlessly switch out different numerical methods and solution
approaches without the need to modify their code implementations.

A key feature of Ozone is the capability to automatically perform adjoint-based sensitivity
analysis for any combination of methods and approaches. To achieve this unique capability, we
implement the aforementioned methods and approaches and their derivatives using a general for-
mulation referred to as the general linear methods (Butcher, 2016). Ozone is designed for use
with the Computational System Design Language (CSDL), a novel algebraic modeling language
(Gandarillas et al., 2024). CSDL automates the calculation of both the ODE function derivatives
as well as the objective gradient and constraint Jacobian of the larger optimization model. Fur-
thermore, CSDL provides an accessible interface to connect variables to other analysis models and
the ability to execute models using different compiler backends, increasing computational perfor-
mance compared to native Python. The aforementioned features are demonstrated through four
applications.
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 3

We note that a prior version of Ozone was implemented by Hwang and Munster (2018). How-
ever, the implementation of Ozone presented here is a significant departure from the prior work
due to the utilization of CSDL, a completely different system modeling framework. Unlike CSDL,
OpenMDAO does not offer fully automatic derivative evaluation and model acceleration using
different computational backends.

The new implementation also offers the time-marching with checkpointing approach, not of-
fered by the previous version, which enables the solution of larger-scale problems. Finally, this
implementation introduces a reformulation and reimplementation of all solution approaches and
a redesigned API.

Our version of Ozone has been demonstrated in several recent studies. Orndorff et al. used
Ozone for trajectory optimization to compute minimum-time and minimum-energy transfers from
hover to forward flight for an electric air taxi (Orndorff and Hwang, 2022; Orndorff et al., 2023).
Yan et al. used Ozone in a dynamic topology optimization algorithm for battery design (Yan et al.,
2021). Further, Ozone successfully solves the lunar vehicle ascent problem defined by Sandoval et
al (2024).

In the following section, we review the general linear methods, which is used as the mathe-
matical foundation for the implementation of Ozone’s integration methods as well as the adjoint
method, which is used for the implementation of sensitivity analysis. Then, we describe the meth-
ods and algorithms used in Ozone in detail. Finally, we give a brief summary of the user interface,
and go over four application problems for demonstration and benchmarking.

2 Background

Prior to presenting our methodology, we provide a brief overview of methods for numerically
solving ordinary differential equations as well as methods for computing the derivatives of complex
numerical models.

2.1 Numerical Methods for Ordinary Differential Equations

An ordinary differential equation (ODE) can be written as

ẏ = f(y,pd,ps), y(t0) = y0, (1)

where y ∈ Rny is the vector of states, y0 ∈ Rny is the initial condition, pd ∈ Rnpd is the vector of
dynamic parameters and ps ∈ Rnps is the vector of static parameters. States are quantities whose
time histories are being solved for, and parameters are additional arguments to f that are not
states. Static parameters are constant in time while dynamic parameters vary in time.

Other, more general types of differential equations can sometimes be represented as ODEs
in the form of (1) such as partial differential equations (PDEs). The method of lines is one way
to numerically reformulate a PDE into an ODE by discretizing a subset of variables (Sadiku and
Obiozor, 2000). Differential algebraic equations (DAEs) defined by the form f̃(ẏ,y,pd,ps) = 0 can
be solved using numerical methods for ODEs in some cases (Petzold, 1982). Stochastic differential
equations (SDEs) are distinct from ODEs in that f is dependent on random processes. Their
solutions can be represented as solutions of ODEs for SDEs in specific forms (Eugene and Moshe,
1965).

We can solve the initial value problem defined by (1) using a wide variety of numerical methods.
Runge–Kutta methods are multi-stage methods, and they are given by

Yi = y[n−1] + hn

s∑
j=1

ai,jf(Tj ,Yj), Ti = tn−1 + cihn, i = 1, ..., s, (2)

and

y[n] = y[n−1] + hn

s∑
j=1

bjf(Tj ,Yj). (3)
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4 Mark Z. Sperry1, John T. Hwang1

Runge–Kutta methods approximate y at the nth discretized point in time from the previous time
index n− 1 using s stages with step size hn. The coefficients ai,j , bj , and cj are elements of
A ∈ Rs×s, B ∈ Rs, and C ∈ Rs, respectively, from the Butcher tableau (Butcher, 2016). The
Butcher tableau uniquely defines a Runge–Kutta method and can be used to determine properties
such as stability, and whether the method can be solved explicitly or implicitly. To integrate the
ODE f to a final time tf = t0 +

∑nt

n=1 hn, Equation (3) is successively evaluated nt times.

Another common method is the multi-step family defined by the general form

y[n] = γ1y
[n−1] + . . .+ γqy

[n−q]

+ hnβ0f(tn,y
[n]) + . . .

+ hnβqf(tn−q,y
[n−q]), (4)

which approximates y[n] from the q solution states preceding n. βi, γi are constant coefficients
to polynomials that characterize a method (Butcher, 2016). Common multi-step methods include
Adams–Bashforth methods, which are explicit, and Adams–Moulton methods, which are implicit.
Finally, the backward differentiation formulas are also multi-step methods used to solve stiff dif-
ferential equations.

Runge–Kutta and multi-step methods are similar in that they are generally solved sequentially:
the solution is built up by marching through the time domain from the initial condition. Because
of this, neither method is formulated to naturally take advantage of parallel computing.

2.2 General Linear Methods

Another major classification of methods is the general linear methods (GLM) family, originally
presented by Butcher (Butcher, 2006). The GLM family includes all Runge–Kutta methods and
all linear multi-step methods. Methods from the GLM family can be expressed as a single, unified
form, making them convenient to adopt for general-purpose ODE solver libraries (Butcher, 2016).
We do so in Ozone, where the benefits of a common form are even more important because of the
need to compute derivatives across the entire time-integration process. The GLM matrix equation
to solve for y at time steps n as a function of y at time steps n− 1 can be written as[

Y
y[n]

]
=

[
A⊗ Iny

U⊗ Iny

B⊗ Iny
V⊗ Iny

] [
hnF

y[n−1]

]
, (5)

where A ∈ Rs×s,B ∈ Rq×s,U ∈ Rs×q and V ∈ Rq×q are coefficient matrices, y[n] ∈ Rqny is the
vector of states at the nth time step as well as the q previous time steps, Y ∈ Rsny is the vector
of states at the s stages at the nth timestep , F ∈ Rsny is the result of evaluating f at Y, and
⊗ denotes the Kronecker product. Any linear multi-step or multi-stage method can be applied
by selecting the appropriate A,B,U and V matrices. For example, the 4th-order Runge–Kutta
method has q = 1 and s = 4 with coefficient matrices

A =


0 0 0 0

1/2 0 0 0
0 1/2 0 0
0 0 1 0

 ,B =


1/6
1/3
1/3
1/6


T

,U =


1
1
1
1

 ,V =
[
1
]
. (6)

The GLM formulation’s utility comes from the ability to easily implement many numerical methods
by choosing appropriate values of A,B,U or V in (5). Currently, Ozone implements the Runge–
Kutta family using the GLM. Thus, for the next three sections, we will focus on GLM in the
context of Runge–Kutta methods where q = 1 and A ∈ Rs×s, B ∈ R1×s, U ∈ Rs×1, and
V ∈ R1×1. We believe that the GLM–based implementation of Runge–Kutta methods provides
the potential for straightforward implementation of multi-step methods in future work due to its
generality compared to the Butcher tableau.
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 5

2.3 Parallelization

There has been significant work done to develop formulations to solve ODEs in a parallel-computing
environment. Depending on the ODE system, the best way to parallelize the solution procedure
for optimal performance can greatly differ. One can identify three approaches (Burrage, 1997):
parallelism across the method, parallelism across the system, and parallelism across the steps.

Parallelism across the method involves parallel function evaluations for different parts within
a method and is effective when a small number of cores are available. Exploiting the sparsity of
A from the Butcher tableau is one way to apply this as it can allow independent evaluations of
the right hand side for both explicit and implicit Runge–Kutta methods (Nørsett and Simonsen,
1989). DifferentialEquations.jl (Rackauckas and Nie, 2017) implements this technique by offering
multi-threaded versions of some methods. Another common approach is used in predictor-corrector
methods which use an implicit solver to solve for the states (Burrage, 1995). With this type of
parallelism, implementation is relatively simple due to the fact that existing methods can be used;
however, the potential for large-scale parallelism is low (Skeel and Tam, 1992).

Parallelism across the system involves dividing the system into multiple parts and solving them
in parallel (Burrage, 1997). This technique can utilize parallel computing at a larger scale than
parallelism across the method and encompasses spatial parallelization which is effective when ny
is large. Two instances of this are the popular waveform relaxation and multirate methods where
multiple ODEs are integrated at once. Waveform relaxation involves decoupling the ODE into
several independent systems to converge to a solution and can lead to large speed ups (Bellen and
Zennaro, 1993). Three formulations include the Jacobi, Gauss–Seidel and successive over-relaxation
methods. Further, Sand and Burrage presents a Jacobi waveform relaxation technique where a fixed
number of iterations are needed (1998). Also, Janssen and Vandewalle found promising results for
the convolution successive over-relaxation method (1997).

Finally, parallelism across the steps involves parallelization of the time dimension. These tech-
niques are not as widely used as parallelism across the system. Bellen and Zennaro use multiple
shooting to allow parallelization across multiple intervals of time (1989). The parareal algorithm
solves ODEs by combining parallel computation of accurate approximations with sequential com-
putations of coarse approximations (Gander and Vandewalle, 2007). The multigrid reduction in
time method is similar to the parareal algorithm but allows a grid hierarchy greater than two levels
(Falgout et al., 2017) and has been implemented in PyMGRIT (Hahne et al., 2021). PFASST is
also related to the parareal method but uses the spectral deferred corrections method (Dutt et al.,
2000) for the time step procedure (Emmett and Minion, 2012). Picard iteration is a method for
numerically integrating ODEs based on successive approximations. A variant of this approach is
the modified Chebyshev-Picard iteration method which allows parallel evaluations of the ODE
function by exploiting the orthogonality property of Chebyshev polynomials (Feagin and Nacozy,
1983). Speed-ups of several orders of magnitude were found compared to ODE45 when applied to
orbit propagation problems (Bai and Junkins, 2012) (Read et al., 2016). Wang et al. developed
the multi-step Newton–Picard method, similar to the modified Chebyshev–Picard iteration but
using integral equations for better stability (Wang et al., 2020). Finally, the collocation method is
a well known method to solve optimal control problems. This method discretizes the differential
equation and transforms it into a nonlinear programming problem (Tsang et al., 1975).

2.4 Sensitivity Analysis

As mentioned in the introduction, gradient-based optimization requires derivatives of output vari-
ables with respect to input variables. When ODEs are embedded in a larger model, computing
such derivatives often requires computing derivatives of integrated states with respect to the initial
conditions, step size and static/dynamic parameters.

There has been significant attention to the development of derivative propagation methods
through time integrators. A simple approach is to use a finite-difference approximation. However,
it can be computationally inefficient if the number of input parameters is large. Further, inaccu-
racies can accumulate from subtractive cancellation and truncation error (Martins and Hwang,
2013). For optimal control problems, the sparsity of the Jacobian can be exploited to reduce the
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6 Mark Z. Sperry1, John T. Hwang1

computational cost of the finite-difference step. GPOPS-II employs sparse finite-difference methods
to efficiently evaluate first and second order derivatives (Patterson and Rao, 2014). Dymos allows
use of efficient finite-difference and complex-step methods (Falck et al., 2021) using OpenMDAO’s
coloring algorithm (Gray et al., 2019).

For better accuracy, automatic differentiation can be applied directly to the integration pro-
cedure (Griewank and Walther, 2008). This method can be difficult to implement as significant
changes to the source code may be required to enable automatic differentiation. Furthermore, it
can be expensive in terms of memory usage if all intermediate values must be stored. The approach
used by dolfin-adjoint (Farrell et al., 2012) also utilizes automatic differentiation but at a higher
level of granularity, working with symbolic representations as opposed to low-level code.

Two popular applications of automatic differentiation are the direct (also known as tangent lin-
ear) and adjoint methods. The computational cost of the direct method scales with the number of
independent variables while the cost of the adjoint method increases with the number of dependent
variables. Further, the continuous and discrete versions correspond to applying the two methods
before and after discretization respectively (Nadarajah and Jameson, 2000). DENSERKS (Alexe
and Sandu, 2009), and CVODES (Serban and Hindmarsh, 2003) implement continuous adjoint
and continuous direct methods. On the other hand, FATODE (Zhang and Sandu, 2014) utilizes
the discrete adjoint and discrete direct methods.

(remove) (7)

For optimization problems, there are often fewer dependent variables than independent vari-
ables (Gray et al., 2019). This naturally leads to the adjoint method being generally more suitable
than the direct method. The adjoint method is given by the equation

dv

dw
=
∂V

∂w
+ ΨT

∂R

∂w
, (8)

− ∂R

∂r

T

Ψ =
∂V

∂r

T

, (9)

where v and w consist of vectors of dependent and independent variables respectively while V
is the function to compute v. r and R defines vectors of intermediate state variables and their
functions as residuals. Ψ is called the adjoint matrix and is defined from the linear system in
Equation (9). Solving for the adjoint matrix is the main computational bottleneck as it requires
solving a linear system for each element in the vector v. Hence, minimizing the size of v is generally
desirable to reduce the number of systems to solve. Alternative approaches, such as reformulating
Equation (9) as a fixed point system, can also be utilized when possible (Christianson, 1994).

For sequential systems like time-integration procedures, the upper block triangular structure

of the transposed Jacobian matrix ∂R
∂r

T
can be exploited, allowing Ψ to be computed using back

substitution.. Due to the use of back substitution, the adjoint method requires completion of the
model evaluation before operation. Additionally, the partial derivatives within each Jacobian must
be known and computed before solving Equation (8) and (9).

A common issue with the adjoint method is the high memory cost. A direct implementation of
the adjoint method requires full allocation of all intermediate values as equations (8) and (9) are
solved after model evaluation. The direct method does not suffer from this limitation as it can be
solved concurrently with the model evaluation which allows values to be discarded after they are
used. One way to address this issue with the adjoint method is to use the checkpointing technique.

Checkpointing consists of saving intermediate state values at specific checkpoints in the forward
procedure and reevaluating unsaved states when needed in the adjoint computation (Griewank and
Walther, 2000). Because only states from specific points in time are kept in memory as opposed to
the full time history, the total memory required is reduced. Many algorithms have been developed
to determine efficient checkpoint locations. For example, Griewank and Walther determined an
optimal binomial checkpointing scheme that minimizes the number of recalculations (2000). The
software project dolfin-adjoint uses this approach for their sensitivity analysis (Farrell et al.,
2012). Wang et al. presents a dynamic checkpointing algorithm for problems where the number
of states are not known in advance (2009). Further, Aupy et al. designed an optimal algorithm
for two levels of checkpoints: writing/reading to memory or disk (2016). Another method with a
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 7

more straightforward implementation is to simply arrange checkpoints with a uniform distribution
across the time span. This simpler approach is used by CVODES (Serban and Hindmarsh, 2003).
Checkpointing is not limited to time loops or pseudo-time loops; it is a general technique that
can be applied in reverse-mode automatic differentiation to reduce memory overhead in various
contexts.

2.5 System Modeling Methodology

As mentioned in Sect. 1, one of the main differences between Ozone and its predecessor (presented
by Hwang and Munster (2018)) is Ozone’s implementation in a new system modeling framework
called the Computational System Design Language (CSDL) (Gandarillas et al., 2024). The pre-
decessor was also named Ozone but was never released with a version number and was written
for the OpenMDAO modeling framework (Gray et al., 2019). CSDL is a novel algebraic modeling
language in Python that uses a graph-based approach to construct user-defined computational
models.

A graph representation of the model enables automatic sensitivity analysis and efficient model
execution while still providing a Pythonic interface for the user. To define models, CSDL offers
a NumPy-like API, allowing users to easily assemble complex optimization models and interface
submodels together. CSDL dynamically records mathematical dependencies between variables and
operations as the model is defined, creating a graph data structure of the user’s code.

Automatic adjoint-based sensitivities are then calculated by analyzing the dependency rela-
tionships between dependent and independent variables in the graph. Further, efficient model
evaluation is enabled by translating the graph to different computational backends. CSDL cur-
rently supports a JAX (Bradbury et al., 2018) backend, providing significant speedups compared
to native Python. We refer readers to the CSDL documentation linked in Ozone’s repository for
further information.

For Ozone, the use of CSDL offers key benefits. First, ODE functions can be defined without
manually implementing derivatives, reducing model development time. Second, the computation
time of solving the ODE and optimization problem is significantly lower than if they were solved
in native Python. These features are key advantages of CSDL not present in OpenMDAO Gray
et al. (2019).

3 Methodology

The Ozone library currently implements any method from the implicit and explicit Runge–Kutta
family using the general linear method (GLM) formulation as described in Sect. 2.1 and 2.2.
The methods are solved using one of four approaches. Two of the approaches are sequential in
time: time-marching and time-marching with checkpointing. The other two approaches are in the
parallelism across the steps family as described in Sect. 2.3: Picard iteration and collocation.
Although the two prior methods have the capability to be executed in a parallel computing envi-
ronment, Ozone currently implements a vectorized version, keeping the parallelization for future
work. Derivative computation of the integration procedure is performed using the adjoint method
as per Sect. 2.4. Finally, Ozone is compatible with CSDL, as described in Sect. 2.5, which enables
automatic derivative computation.

Using the GLM equations, we will now develop the theory and implementation of the four
introduced approaches. A general overview of the solution approaches can be seen in Figure 1.
Table 1 shows a high level comparison between approaches.

3.1 Time-Marching (with checkpointing)

3.1.1 Forward Integration

In Sect. 2.2, we discussed the GLM equations and their relation to the Runge–Kutta methods.
We now describe how they are used for the time-marching and time-marching with checkpointing
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8 Mark Z. Sperry1, John T. Hwang1

Fig. 1 Comparison of the time-marching, time-marching with checkpointing, Picard iteration, and collocation
solution approaches. The time-marching and time-marching with checkpointing approaches sequentially solve for
the states one time step at a time. On the other hand, Picard iteration and collocation approaches solve for the
full state history vector in parallel where concatenated vectors F̄, Ȳ and ȳ are defined in Equation (31).

approach. To restate, the objective is to solve for the state history y[n] for n = 0, . . . , nt. Sequential
computation of the states y[n] from Equation (5) is straightforward. At each time step n, the

evaluated stages F[n] are calculated from

Y[n] = ÃhnF[n] + Ũy[n−1], F[n] = F (Y[n],P
[n]
d ,ps), (10)

where Ã = A⊗ Iny with identical definitions for B̃, Ũ and Ṽ. P
[n]
d denotes dynamic parameters

linearly interpolated across s stages for time step n and ps denotes constant static parameters.

To solve for F[n], Newton’s method is used to first compute Y[n]:

Y
[n]
k+1 = Y

[n]
k −

(
I − Ãhn

∂F (Y
[n]
k ,P

[n]
d ,ps)

∂Y

)−1 (
Y

[n]
k − ÃhnF (Y

[n]
k ,P

[n]
d ,ps)− Ũy[n−1]

)
(11)

where the iterations terminate when the convergence criteria is met. Then, F[n] is computed from
Equation (10) using Y[n].

If Ã is strictly lower triangular as is the case for explicit Runge–Kutta methods (see Equation

(6)), Y[n] is solved using forward substitution as opposed to Newton’s method. The forward
substitution algorithm is implemented without explicit construction of the full linear system and
is preferred over Newton’s method due to the computational efficiency. The state solution y[n] is
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 9

Table 1 A high-level comparison of the four approaches implemented in Ozone

Time-marching Time-marching
with
checkpointing

Picard iteration Collocation

Description Standard
sequential
technique

Identical to
time-marching but
with checkpointing

Parallel integration
using fixed-point it-
eration

Parallel integration
as optimization
problem

Primary strength Well studied
technique

Low memory costs Parallel derivative
free integration

Does not require
full ODE solution
at every optimiza-
tion iteration

Primary weakness Little
parallelization

Slow derivative
computation

Instability and
high memory costs

Additional com-
plexity to opti-
mization problem

Memory cost Medium Low High High

Ability to be paral-
lelized

None (Low if im-
plicit)

None (Low if im-
plicit)

High High

ODE nonlinearity
impact on perfor-
mance

None None High High

Requires solution
to implicit system

No (Yes if implicit) No (Yes if implicit) Yes No

Example Van Der Pol
Oscillator (5.2)

Nonlinear
Reaction-Diffusion
Process (5.4)

Lunar Vehicle As-
cent (5.1)

Trajectory Opti-
mization (5.3)

then computed from F[n] in one procedure through

y[n] = B̃hnF[n] + Ṽy[n−1]. (12)

The final step for the integration procedure for time-marching is to repeat the computations from
Equations (10) through (12) to sequentially compute y[n] as a function of y[n−1] for n = 1, . . . , nt.
Values for all time steps n = 0, . . . , nt are stored for reuse in the computation of the adjoint
method.

For time-marching with checkpointing, the integration procedure is identical. However, to
reduce the memory footprint, the state solution is not stored at every time step. Instead, the
checkpointing scheme selectively stores states for only a subset of time steps. A limitation of this
procedure is that the full state history is not available after the forward integration is complete,
meaning some state information is lost. We introduce two new output types from the time inte-
grator that are compatible with this restriction: profile outputs and field outputs. Profile outputs
and field outputs contain state information from all time steps without the need to store the states
for every time step. We now describe both types of outputs.

A profile output Jp ∈ R(nt+1)×np is defined as

Jp =

 J[0]
p
...

J[nt]
p

 =


fp(y

[0],p
[0]
d ,ps)

...

fp(y
[nt],p

[nt]
d ,ps)

 , (13)

where fp : Rny+npd+nps → Rnp is a function defined by the user and np ≤ ny. Because partial
state information is stored at every time step, the time profile is preserved. Unlike the full state

history, J[n]
p is kept in memory for all 0 ≤ n ≤ nt by computing fp(y

[n],p
[n]
d ,ps) every time the

state solution is solved in Equation (12). An example of a realistic application of a profile output
in an optimization problem is a constraint on the spatial average of a PDE at every time step. For

such a problem, the profile output function is fp(y
[n],p

[n]
d ,ps) = average(y[n]). In this context,

np = 1 and the size of the final output Jp ∈ R(nt+1)×1 is much smaller than the size of the full
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10 Mark Z. Sperry1, John T. Hwang1

state history ntny. Note that setting the full state solution history as an output can be generalized
as a profile output by:

Jp =

 y[0]

...
y[nt]

 =


fp(y

[0],p
[0]
d ,ps)

...

fp(y
[nt],p

[nt]
d ,ps)

 . (14)

The size reduction of profile outputs compared to the full set of states is ny/np. As long as fp is
defined such that np << ny, the memory requirements are substantially decreased.

A field output Jf ∈ Rny is defined as a linear combination of states across time by

Jf =

nt∑
n=0

αny[n], (15)

where αn are weighting coefficients defined by the user. Unlike profile outputs, field outputs
preserve the size of the state. Jf is generated by computing Jnf = αny[n] + Jn−1f at every timestep

where J0
f = α0y0 and Jf is Jnt

f . . A possible application of a field output in an optimization problem
is a constraint on the temporal average of a PDE. This is achieved by setting the coefficients to
be αn = 1/(nt + 1). Note that having the state of the kth time step y[k] as an integrator output
could be generalized as a field output through the coefficients αk = 1, αi6=k = 0. Field outputs
reduce the output size by nt compared to the full state history. For problems where nt >> 1, the
reduction is significant.

Full state history

𝑡 = 𝑛$

Profile Outputs

v

u

v

u

u

v

Field Outputs

𝑡 = 𝑛$ −1

𝑡 = 1

𝑡 = 0

𝑡 = 𝑛$

𝑡 = 𝑛$ −1

𝑡 = 1

𝑡 = 0

𝑛(/𝑛*
times reduction

𝑛$
times reduction

Fig. 2 Profile and field outputs and how their sizes relate to the full state history. ny = nunv is the total number
of state variables where nu and nv is the number of discretizations in the u and v dimensions respectively. np is
the output size of the user defined fp function.

To illustrate both profile outputs and field outputs by example, Figure (2) shows the size of
profile outputs and field outputs compared to the full state on the 2D heat equation problem.
As mentioned previously, the spatial and temporal average could be the profile and field output
respectively.

3.1.2 Derivative Computation

As mentioned in Sect. 2.4, derivatives are computed with the adjoint method using a matrix-free
approach. To review, the dependent variables consist of the recently introduced profile outputs
Jp and field outputs Jf while the independent variables include initial conditions y0, dynamic

parameters p̄d = [p
[0]T
d , . . . ,p

[nt]T
d ]T , static parameters ps, and the time step vector H ∈ Rnt

defined as [h1, . . . , hnt
]T .
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 11

We use Equation (8) and (9) and its nomenclature to derive the adjoint derivative calculation.
The matrix-free adjoint method from Equation (8) for time-marching yields

υT
d(Jf ,Jp)

d(y0, p̄d,ps,H)
= υT

∂(FJf , FJp)

∂(y0, p̄d,ps,H)
+ Ψ̃

T ∂R

∂(y0, p̄d,ps,H)
, (16)

−∂R
∂r

T

Ψ̃ =
∂(FJf , FJp)

∂r

T

υ, (17)

where r ∈ R(2s+1)nynt and R is a concatenation of the three computations from Equations (10)

and (12) as well as their outputs Y[n], F[n] and y[n] for time steps n = 1, . . . nt generalized
as residuals. For generality, we assume that both Jf and Jp are outputs to the integrator and
y0 ∈ Rny , p̄d ∈ R(nt+1)×npd , ps ∈ Rnps , and H ∈ Rnt are inputs. Finally, FJf and FJp represent
the calculations of the outputs Jf and Jp.

We implement a matrix-free method to avoid construction of the full matrices and to limit the
number of linear systems to solve. Equation (17) has the following structure when applied to the
time-marching scheme:

−∂R
∂r

T

= −



∂R
∂r

T

1,1
∂R
∂r

T

1,2
. . . 0 0

0 ∂R
∂r

T

2,2
0 0

...
...

0 0 ∂R
∂r

T

nt−1,nt−1
∂R
∂r

T

nt−1,nt

0 0 . . . 0 ∂R
∂r

T

nt,nt


, (18)

Ψ̃ =



Ψ̃
[1]

Ψ̃
[2]

...

Ψ̃
[nt−1]

Ψ̃
[nt]


,

∂(FJf , FJp)

∂r

T

υ =


R

[1]
in

R
[2]
in
...

R
[nt−1]
in

R
[nt]
in

 , (19)

where

∂R

∂r

T

n,n
=


(
I − Ãhn

∂F (Y[n],P
[n]
d ,ps)

∂Y

)T
∂F (Y[n],P

[n]
d ,ps)

∂Y

T

0

0 I hnB̃
T

0 0 I

 , (20)

∂R

∂r

T

n,n+1
=

 0 0 0
0 0 0

−Ũ
T

0 −Ṽ
T

 , R
[n]
in =

 0
0

∂fp(y
[n],p

[n]
d ,ps)

∂y

T

υ
[n]
p + αnυf

 , (21)

for 1 ≤ n ≤ nt where υ
[n]
p and υf are the given propagated derivative vector from the upstream

vector Jacobian product corresponding to the profile output of the nth time step and the field

output respectively. To solve for Ψ̃
[n]

, we apply back substitution to obtain

Ψ̃
[n]

c = −
∂fp(y

[n],p
[n]
d ,ps)

∂y

T

υ[n]
p − αnυf + Ũ

T
Ψ̃

[n+1]

a + Ṽ
T
Ψ̃

[n+1]

c (22)

Ψ̃
[n]

b = hnB̃
T
Ψ̃

[n]

c , −

(
I − Ãhn

∂F (Y[n],P
[n]
d ,ps)

∂Y

)T
Ψ̃

[n]

a =
∂F (Y[n],P

[n]
d ,ps)

∂Y

T

Ψ̃
[n]

b , (23)

where Ψ̃
[n]

= [Ψ̃
[n]T

a , Ψ̃
[n]T

b , Ψ̃
[n]T

c ]
T

. The final step is to repeat the calculations iteratively from

n = nt to n = 1 with initial conditions Ψ̃
[nt]

c = 0 and Ψ̃
[nt]

a = 0. This allows full computation of
the adjoint vector Ψ̃ by stepping backwards through the integration time steps. The significance
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12 Mark Z. Sperry1, John T. Hwang1

of this formulation is that construction of the full matrix is completely avoided and the adjoint
vector can be solved sequentially one time step at a time. Further, we exploit the upper block
diagonal structure in Equation (18) to solve the full linear system using backwards substitution.
The decomposed system now requires a smaller linear system to be solved at every time step as
shown in Equation (23) compared to solving Equation (18) naively. If an explicit Runge–Kutta

method is specified, Equation (23) is solved by backward substitution as Ã
T

is upper triangular.
Otherwise, an iterative solver is used.

Building the full Ψ̃ vector from the iterative procedure above and then solving Equation (16)
requires a significant amount of memory. To address this, a similar partitioning procedure to the
one above is used to allow the computation of Equation (16) without building Ψ̃ in full. This also
comes from exploiting the matrix structures of the partial Jacobian matrices.

The matrix structure of the partial Jacobian can be partitioned columnwise into the respective
parts for each independent variable: the initial conditions, dynamic parameters, static parameters,
and the time step vector. Further, they can be partitioned further row-wise for each time step of
the ODE. Finally, exploiting the triangular structure again results in the equations

υT
dJ

dy0

=

N∑
n=1

(
−Ψ̃

[n]

a Ũ− Ψ̃
[n]

c Ṽ
)

+ υ[0]
p

T ∂fp(y0,p
[0]
d ,ps)

∂y
+ υfα0,

υT
dJ

dp
=

N∑
n=1

(
−Ψ̃

[n]

a Ã
∂F (Y[n],P

[n]
d ,ps)

∂p
− Ψ̃

[n]

b

∂F (Y[n],P
[n]
d ,ps)

∂p

)
(24)

υT
dJ

dH
=

N∑
n=1

(
−Ψ̃

[n]

a ÃF[n] − Ψ̃
[n]

c B̃F[n]
)
, (25)

where p[n] is the concatenation of static parameters ps and dynamic parameters p
[n]
d . Evaluation

of the right side can occur incrementally by storing a running total of the summation term as
Equations (22) to (23) are computed. Thus, the full matrices and adjoint vector as stated in
Equation (18) are never formed in full. After the preceding equations are computed for 1 ≤ n ≤ nt,
the time-independent middle term in Equation (16) is computed and added to the vector Jacobian
products. The resulting value is the vector Jacobian products for the initial conditions, parameters
and time step vector. We note that the derivation of the vector Jacobian products via accumulation
of adjoint vectors in the reverse direction of the integration, as outlined in Equations (22) through
(25), reproduces established methods in the literature (Hager, 2000; Lions, 1971).

The preceding equations of the adjoint method are similar for both time-marching and time-
marching with checkpointing approaches. Whenever the adjoint method procedure is called using
the time-marching approach, F[n] and its derivatives, Y[n] and y[n] are needed for 1 ≤ n ≤ nt. If
ny and nt is small enough, all of the preceding values can be stored in memory when the ODE is
integrated.

An advantage of this approach is that the cost of computing the vector Jacobian product is
independent of those of the ODE function and its derivatives. When the number of vector Jacobian
products is large (for example when there are path constraints), this approach can save significant
computational cost. However, an obvious disadvantage is the expensive memory costs. If ny and

nt are large, storing states F[n], Y[n] and y[n] and especially the partial derivatives of F[n] for
all time steps may be infeasible. The estimated number of values stored using the time-marching
approach is given by

mt = ntny(s+ 1) + ntn
2
y(s+ 1). (26)

A solution to this problem is to use the aforementioned checkpointing scheme as done by
the time-marching with checkpointing approach. During the ODE integration process, the state
history is not stored for all time steps. Instead, state information is saved only at each checkpoint
in, where in = n ∗ round(nt/nc) is the nth checkpoint and nc is the number of checkpoints.
In short, state information is saved every nt/nc steps as opposed to every step. When derivative
information is needed, the interval in to in−1 is first integrated using a hot restart from checkpoint
in with all state information stored in memory. Then, the adjoint method is computed using the
stored state information from in−1 to in. This process is repeated for 1 ≤ n ≤ nc until the full
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 13

vector Jacobian product is built. Figure 3 shows this procedure applied to six checkpoints. An
advantage of this approach is that computing the vector Jacobian product is independent of the
computational cost of the ODE function and its derivatives. When the number of vector Jacobian
products is large (for example, when there are path constraints), this approach can save significant
computational cost. However, an obvious disadvantage is the expensive memory costs. If ny and

nt are large, storing intermediate values such as F[n], Y[n] and y[n] and especially the partial
derivatives of F[n] for all time steps may be infeasible. The estimated maximum number of values
stored using the time-marching approach with an implicit method is given by

mt = ntny(2s+ 1) + nt(nys)
2, (27)

where we assume the ODE function to be linear without any input parameters.
To reduce maximum memory usage, the aforementioned checkpointing scheme is utilized by

the time-marching with checkpointing approach. During the ODE integration process, the state
history is not stored for all time steps. Instead, state information is saved only at each checkpoint
in, where in = n ∗ round(nt/nc) is the nth checkpoint and nc is the number of checkpoints.
In short, state information is saved every nt/nc steps as opposed to every step. When derivative
information is needed, the interval in to in−1 is first integrated using a hot restart from checkpoint
in with all state information stored in memory. Then, the adjoint method is computed using the
stored state information from in−1 to in. This process is repeated for 1 ≤ n ≤ nc until the full
vector Jacobian product is built. Figure 3 shows this procedure applied to six checkpoints.

Fig. 3 An overview of the checkpointing algorithm implemented in Ozone. The horizontal axis represents the
sequence of steps followed by the algorithm to solve the ODE and compute its derivatives. The vertical axis denotes
the current time step of the ODE temporal dimension being processed by the algorithm. A dotted line represents a
state stored in memory at a certain point of the algorithm procedure. Note that the maximum memory consumption
occurs during the derivative calculation.

The value of nc has an effect on the amount of memory required as a high value of nc requires
many checkpoints to store while a low value of nc means the interval to store state informa-
tion is long. The estimated maximum number of values stored by the checkpointing approach is
approximated by

mc = ncny +
nt
nc
ny + (nys)

2, (28)

where we make the same assumptions as Equation (27). Hence, mc is minimized when nc =
√
nt as

shown in Figure 4. In this figure, a sample ODE with a large number of states and time steps was
solved along with its derivatives. Maximum memory was measured using four different Python
packages to validate measurements. Equation (27) is an estimate on the theoretical maximum
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14 Mark Z. Sperry1, John T. Hwang1

number of values stored, not practical memory usage on a computer. Thus, Figure 4 shows slight
differences between the theoretical and measurement curve. The inconsistencies can be attributed
to overhead memory costs not taken into account in Equation (28). Despite the differences, the
calculated optimal number of checkpoints is consistent with the measured values. Ozone allows use

Fig. 4 Maximum allocated memory as a function of nc for a sample ODE. The circle denotes the optimal number
of checkpoints for the respective memory measurement method.

of both the time-marching approach of storing the full integration for reuse in the adjoint method
as well as the time-marching with checkpointing approach that recomputes state information for
the adjoint method.

3.2 Picard Iteration

The Picard iteration approach solves for the entire state solution at once by vectorizing the GLM
formulation and using a nonlinear solver. Because the solution history is solved all at once, the
integration procedure is no longer sequential and allows parallelization or vectorization across
time. However, a disadvantage of this approach is the memory requirement of storing the full
state history. The nonlinear system is formed by concatenating Equation (5) across all time steps
to obtain [

Ȳ
ȳ

]
=

[
Ā Ū
B̄ V̄

] [
H̄F̄
ȳ

]
, (29)

where block diagonal matrices Ā, B̄, Ū and V̄ are

Ā =


Ã 0 . . . 0

0 Ã 0
...

. . .
...

0 0 . . . Ã

 , B̄ =


0 0 . . . 0

B̃ 0 . . . 0

0 B̃ 0
...

. . .
...

0 0 . . . B̃

 , Ū =


Ũ 0 . . . 0 0

0 Ũ 0 0
...

. . .
...

0 0 . . . Ũ 0

 , V̄ =


0 0 . . . 0 0

Ṽ 0 . . . 0 0

0 Ṽ 0 0
...

. . .
...

0 0 . . . Ṽ 0

 . (30)

These are simply Ã, B̃, Ũ, Ṽ expanded across all time steps. The vectors Ȳ, F̄ and ȳ are
concatenations across time steps where ȳ includes the initial conditions:

Ȳ =

Y[1]

...

Y[nt]

 , F̄ = F (Ȳ, P̄d,ps) =

F[1]

...

F[nt]

 , ȳ =

 y[0]

...
y[nt]

 . (31)
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 15

Y, F and y are identical to the definitions used in Sect. 3.1.1. We rearrange Equation (29) to
get the system

Ȳ− Ūȳ = ĀH̄F̄, (I − V̄)ȳ = B̄H̄F̄. (32)

The state vector ȳ is isolated to obtain

Ȳ = ĀH̄F̄ + Ū
(
I − V̄

)−1
B̄H̄F̄ + Ū

(
I − V̄

)−1
ȳ0, (33)

ȳ =
(
I − V̄

)−1
B̄H̄F̄ +

(
I − V̄

)−1
ȳ0, (34)

where ȳ0 is [yT0 , 0, . . . , 0]T . To solve for the vector of integrated states ȳ in Equation (34),
Equation (33) is implicitly solved for F̄. This is done using a nonlinear block Gauss Seidel algorithm
which is simply an iteration between F̄ in Equation (31) and Equation (33) until the convergence
criterion is met. The inverse of the coefficient matrix I − V̄ and the rest of the coefficient matrices
are precomputed. Further, the coefficient matrices are stored in sparse format as Ā, B̄, Ū, V̄ are
large and sparse. ȳ can be solved explicitly in one step using F̄ from Equation (34). Although
often not needed, Jf and Jp can be computed using ȳ.

The validity of the parallelization across time can be seen in Equation (33) as the elements of

F̄, (F[1], . . . ,F[nt]) can be evaluated all at once concurrently, independent of each other.
For sensitivity analysis, we rely on CSDL’s automatic differentiation capabilities. The derivatives

are not automatically propagated through the iterative procedure in Equation (33). Instead, the
adjoint method is used by representing the nonlinear equation as a residual (Sperry et al., 2023).
Therefore, a solution of a linear system is required during the derivative computation procedure.

3.3 Collocation

The collocation approach solves for the entire state solution in a similar manner to Picard iteration.
However, instead of utilizing a nonlinear solver, the vectorized stages are solved as part of the global
optimization problem. Because the stage calculation is part of the larger optimization problem,
the need to iteratively solve for the state solution at every optimization iteration is eliminated.
This leads to a more computationally efficient evaluation of the optimization model as it can
be evaluated in a single explicit step. However, the complexity of the optimization problem is
increased as there are a significantly larger number of constraints and design variables compared
to the Picard iteration and the time-marching approaches. The optimization problem is formulated
as

minimize F∗,

with respect to X∗, Ȳdv, ȳdv,

subject to C∗,

0 = C1 = ĀH̄F (Ȳdv, P̄d,ps) + Ūȳdv − Ȳdv,

0 = C2 = B̄H̄F (Ȳdv, P̄d,ps) + V̄ȳdv − ȳdv,

where F∗, X∗, and C∗ are the objective, design variables and constraints of the original global
optimization problem. Further, ȳ is the vector of states corresponding to the equivalent definition
in Equation (31) formed by the initial condition and design variables: ȳ = [yT0 , ȳTdv]

T . The
constraint C1 is the formulation of the left side of Equation (32) as an equality constraint where
Ȳdv are the stages Ȳ as design variables. Similarly, C2 is the equality constraint corresponding
to the right side of Equation (32). During an optimization iteration, H̄F (Ȳdv, P̄d,ps) is first
computed and used for both C1 and C2. Similar to Picard iteration, the coefficient matrices are
precomputed and stored using a sparse data structure to decrease computational cost.

The sparsity pattern of the constraint Jacobian is broken up into grids of block matrices
as shown in Figure 5. Each state has its own set of constraints, C1 and C2, as well as design
variables Ȳdv and ȳdv to form the outer grid pattern. Furthermore, each state’s constraints C2

is independent of all other states’ ȳdv. This is due to the structure of V̄ as well as the fact that
F (Ȳdv, P̄d,ps) is independent of ȳ. Note that at first glance, the block diagonal formulation used
thus far from Equation (30) does not seem consistent with this description as Ȳdv and ȳdv should
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16 Mark Z. Sperry1, John T. Hwang1

Fig. 5 Example sparsity pattern of the constraint Jacobian for the collocation approach. The sparsity pattern
above has ny = 2, nt = 10, and s = 3.

consist of all states. However, reordering Ã, B̃, Ũ, Ṽ by state instead of by stage will demonstrate
that they are equivalent.

Because of the similar formulation to Picard iteration, parallelism across time is possible as
the evaluation of F̄ is vectorized. Further, the total derivative computation is also automated by
CSDL in the same manner. However, because a nonlinear solver is not used within an optimization
iteration, the total derivative computation is less computationally expensive than that of Picard
iteration.

4 User Interface

This section outlines the workflow for using Ozone to solve ordinary differential equations (ODEs)
and how Ozone interfaces with the Computational System Design Language (CSDL). Similar to
other ODE solvers, Ozone first requires the user to define an ODE function, along with correspond-
ing inputs and outputs. The user must also specify the numerical integration method and solution
approach as discussed in the preceding sections. The inputs and outputs are CSDL Variable ob-
jects that can be passed to and from other parts of the larger computational model, enabling easy
integration to other CSDL codes.

Listings 1, 2, and 3 show an example of using Ozone to solve the Lotka-Volterra equations and
computing derivatives through the integrator using CSDL’s API.

Since Ozone is built upon CSDL (Sect. 2.5), users are required to create their optimization
model and define their ODE functions using CSDL’s mathematical API in Python. CSDL offers a
syntax similar to NumPy, easing the transition for users familiar with writing numerical code in
Python. For more details, users are encouraged to refer to the CSDL documentation which is linked
in the Ozone repository.

4.1 Formulating an ODE Problem

The ODEProblem class serves as the core interface for defining and solving ODEs in Ozone. To
instantiate an ODEProblem, the user must specify a numerical integration method (e.g., Runge-
Kutta 4th order) and a solution approach (e.g., time-marching). The user must define the ODE
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 17

function and specify states, time span and optional dynamic parameters using CSDL Variables

computed upstream or constant NumPy arrays. The use of ODEProblem and its specific syntax
can be seen in Listing 1.

Listing 1 Using Ozone’s ODEProblem to formulate an ODE integration problem. The numerical method,
solution approach, states, time span and dynamic parameters are defined using this class. The method and
approach can be selected without modifying the rest of the problem formulation.

1 num times = 10 # number o f time po in t s
2 # Create i n i t i a l c o n d i t i o n s
3 x 0 = c s d l . Var iab le (name = ’ x 0 ’ , va lue = 2 . 0 )
4 y 0 = c s d l . Var iab le (name = ’ y 0 ’ , va lue = 2 . 0 )
5

6 # Create dynamic parameter ’ a ’ , s t a t i c parameter ’d ’
7 # dynamic parameter must be de f ined f o r every t imestep
8 a = np . z e r o s ( ( num times , ) )
9 f o r t in range ( num times ) :

10 a [ t ] = 1 .0 + t /num times /5 .0
11 a dynamic = c s d l . Var iab le (name = ’ a ’ , va lue = a )
12 # s t a t i c parameter
13 d s t a t i c = c s d l . Var iab le (name = ’d ’ , va lue = 0 . 5 )
14

15 # Timestep vec to r with 9 t imes teps o f s i z e 0 .1
16 h = c s d l . Var iab le (name = ’h ’ , va lue = np . f u l l ( num times−1, 0 . 1 ) )
17

18 # Choose approach and method
19 approach = ozone . approaches . TimeMarching ( )
20 # approach = ozone . approaches . P i c a r d I t e r a t i o n ( )
21 # approach = ozone . approaches . Co l l o ca t i on ( )
22

23 method = ozone . methods .RK4( )
24 # method = ozone . methods . Impl i c i tMidpo int ( )
25

26 # I n i t i a l i z e ODE problem :
27 ode problem = ozone . ODEProblem( method , approach )
28

29 # Set inputs / s t a t e s to your ODE problem .
30 # Def ine s t a t e s with t h e i r i n i t i a l c o n d i t i o n s
31 ode problem . add s ta t e ( ’ y ’ , y 0 )
32 ode problem . add s ta t e ( ’ x ’ , x 0 )
33 # Def ine dynamic parameters
34 ode problem . add dynamic parameter ( ’ a ’ , a dynamic )
35 # Def ine time span
36 ode problem . se t t imespan (
37 ozone . t imespans . StepVector ( s t a r t =0.0 , s t e p v e c t o r=h) )
38 # pass any arguments to ode func t i on
39 ode problem . s e t f u n c t i o n ( ode funct ion , d s t a t i c )

When adding dynamic parameters to an ODEProblem, the first dimension must have a size of
nt − 1, representing the value at each time step. On the other hand, static parameters can have
arbitrary shape and are not explicitly declared in Ozone. Instead, they can be directly passed in
as an argument to the ODE function.

4.2 Defining an ODE Function

The ODE function, which must be given to the ODEProblem, is a callable, user-defined Python
function representing F that computes time derivatives given states and input parameters. The
function’s argument is an ODEVars object, which provides states and parameters as specified using
ODEProblem. ODEVars is also used to set time derivatives and any outputs. Listing 2 demonstrates
an implementation of a typical ODE function, highlighting the use of ODEVars to access dynamic
parameters and states.
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18 Mark Z. Sperry1, John T. Hwang1

Table 2 nn is automatically set by Ozone for all combinations of methods and approaches.

Explicit Implicit

Time-marching 1 s

Time-marching with checkpointing 1 s

Picard iteration nts nts

Collocation nts nts

Listing 2 The ODE function for the Lotka-Volterra equations. A field output and profile output (defined
in Section 3.1.1).

1 de f ode func t i on ( ozone var s : ozone . ODEVars , d : c s d l . Var iab le ) :
2 a = ozone vars . dynamic parameters [ ’ a ’ ] # a ( t )
3 x = ozone vars . s t a t e s [ ’ x ’ ] # x
4 y = ozone vars . s t a t e s [ ’ y ’ ] # y
5

6 ozone var s . d s t a t e s [ ’ y ’ ] = a∗y − 0 .5∗ y∗x # dy dt
7 ozone var s . d s t a t e s [ ’ x ’ ] = 2 .0∗ x∗y − d∗x # dx dt
8

9 # any outputs you want to record summed a c r o s s time
10 ozone var s . f i e l d o u t p u t s [ ’ f i e l d x ’ ] = x
11 # any outputs you want to record a c r o s s time
12 ozone var s . p r o f i l e o u t p u t s [ ’ x p lu s y ’ ] = x + y

An important consideration when implementing the ODE function is that it must be vectorized.
The first dimension of all states, dynamic parameters, time derivatives and outputs must have a
size of nn. This vectorization length, nn, is determined by Ozone depending on the method and
approach as tabulated on Table 2. If the ODE function is to be run on a parallel computing
environment, nn would correspond to the maximum possible number of ODE functions evaluated
in parallel.

4.3 Processing Outputs

Solving the ODE system requires invoking the solve method of the ODEProblem class. This
method returns CSDL variables of all solved field outputs, profile outputs or state histories specified
by the user. Because these outputs are CSDL Variables, they can be used as inputs to other CSDL
operations within the broader optimization problem. As an example, the end of Listing 3 shows
how to get automatic derivatives of the maximum of a profile output as discussed thus far using
CSDL’s derivative API.

Listing 3 Invoking the solve method integrates the ODE using the method and approach selected by
the user. To showcase the benefits of CSDL, CSDL’s maximum and derivative API is used to compute total
derivatives through the integration.

1 # Solve ODE
2 outputs = ode problem . s o l v e ( )
3

4 # Get the maximum of the sum of ’ x ’ and ’ y ’ a c r o s s time us ing CSDL
5 x p lu s y = outputs . p r o f i l e o u t p u t s [ ’ x p lu s y ’ ]
6

7 # Return CSDL v a r i a b l e r e p r e s e n t i n g the d e r i v a t i v e s o f the maximum
8 # of the sum of ’ x ’ and ’ y ’ a c r o s s time with r e s p e c t to
9 # dynamic parameters , s t a t i c parameters ,

10 # time steps , and i n i t i a l c o n d i t i o n s
11 max x plus y = c s d l . maximum( x p lu s y )
12 dsumxy da = c s d l . d e r i v a t i v e ( max x plus y , a dynamic )
13 dsumxy dd = c s d l . d e r i v a t i v e ( max x plus y , d s t a t i c )
14 dsumxy dh = c s d l . d e r i v a t i v e ( max x plus y , h)
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 19

15 dsumxy dx0 = c s d l . d e r i v a t i v e ( max x plus y , x 0 )

The information flow relationship between Ozone and CSDL is shown in Figure 6. Ozone uti-
lizes the vectorized ODE function which gets executed whenever an ODE function evaluation
is required. This allows for the same implementation of the ODE function to be used for any
approach and method, allowing rapid experimentation of different integration configurations.

Upstream
Models

csdl Model(s)

ozone 
Integrator

Model

csdl Model

Downstream
Models

csdl Model(s)

Input

csdl Variable(s)

Parameters
Initial Conditions 

Step Sizes

csdl Variable(s)

Solved States
Profile Output
Field Output

csdl Variable(s)

Objective
Constraints

csdl Variable(s)

csdl Model

𝐹
Models

csdl Model(s)

ozone ODEProblem

Fig. 6 Flowchart of a CSDL model evaluation containing an ODE integrator from Ozone.

5 Benchmarking Results

In this section, we test the versatility and performance of Ozone by presenting the solution of four
real-world optimization problems involving ordinary differential equations (ODEs). We attempt to
solve each problem with both low-order and high-order explicit and implicit Runge–Kutta methods
using all four solution approaches. Specifically, the tested numerical methods are forward Euler,
4th order Runge–Kutta, implicit midpoint and the 6th order Gauss-Legendre method. Our results
highlight strengths and weaknesses of each method and approach with respect to computation
time, memory usage and solution accuracy.

We selected a range of real-world examples that have been previously studied to analyze
Ozone’s capabilities. Each application, also publicly available in the code repository, is implemented
using Ozone and CSDL, where assigning the numerical method and the solution approach requires
modifications to only a few lines of code as seen in Listing 1. Aside from the approach and method,
the optimizations were solved with identical models and parameters. The first of four examples is
a lunar ascent trajectory optimization problem from Sandoval et al. (2022) where Picard iteration
is the optimal approach. For the next example, we solve an optimal control problem from Dymos
(Falck et al., 2021) of a Van der Pol oscillator that shows the advantages of the time-marching
approach. The third example is an aircraft trajectory optimization from Orndorff and Hwang
(2022) that takes advantage of collocation. Finally, the last example from Armaou and Christofides
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20 Mark Z. Sperry1, John T. Hwang1

Table 3 ODE problem sizes featured in Sect. 5.

Example nt ny # of design variables # of constraints

Lunar Vehicle Ascent 100 7 304 105
Van der Pol Oscillator 40 3 41 0

Trajectory Optimization 39 5 121 5
Nonlinear Reaction-Diffusion Process 40000 210 41 0

(2002) is a nonlinear reaction-diffusion process problem involving a partial differential equation
that shows the advantages of time-marching with checkpointing. Table 3 lists the size for each
example problem.

To solve each optimization problem, we use the SNOPT (Gill et al., 2005) algorithm interfaced
via the modOpt1 optimization library. The experiments were run on a computer with a 12th
generation Intel i7-12700 processor with 64GB of memory using CSDL’s JAX backend. To present
the computation time for optimization, the convergence history is plotted versus ODE function
evaluations. In order to take costs from sensitivity analysis calculations into account, the ODE
function derivative computations are included in the evaluation count. Additionally, we provide
results where parallelizable ODE function and derivative calls are counted as a single evaluation.
Finally, we include plots that highlight the trade-offs between optimization wall time, maximum
memory, and relative error for each combination of approach and method. Error is computed
relative to the design variable vector obtained from solving the optimization problem with 6th
order Runge–Kutta. We omit results for the time-marching with checkpointing approach for all
but the last problem as the behavior is similar to time-marching without checkpointing. Methods
and approaches that failed to converge or exceeded memory limits are excluded from the plots.

Prior to presenting our results, we highlight some possible sources of inefficiencies of Ozone

that may cause suboptimal behavior in the performance metrics which will be addressed in the
future. As previously mentioned, the parallelized ODE function evaluation has not yet been imple-
mented. Alternatively, vectorization is used, which still provides significant efficiency. Furthermore,
although we know the sparsity patterns for the constraint Jacobian in the collocation approach
as discussed in Sect. 3.3, the pattern is not explicitly supplied to SNOPT due to limitations in
the implementations in CSDL and modOpt. However, these limitations can be addressed relatively
easily as they only require slight modifications to CSDL and modOpt. This may cause suboptimal
convergence times compared to the case where the sparsity features are properly utilized. Finally,
we note that for all optimization problems, the initial guess of the design variables can have a
significant effect on convergence performance. We used initial guesses from the reference sources
when possible in order to maintain consistency.

5.1 Lunar Vehicle Ascent

The lunar vehicle ascent problem from Sandoval et al. (2022) minimizes the total time of the
ascent of a lunar vehicle. In this optimization, the ODE problem consists of 100 time steps with
seven scalar state variables which are defined by

ṙ = V, V̇ = g(r) +
T

m(t)
u, ṁ = − T

vex
, (35)

where r ∈ R3, V ∈ R3 and m ∈ R are states and u ∈ R3 is the vector of control inputs. There
are three dynamic parameters, which are the control inputs for the x, y and z directions. These
time-discretized controls and the final time make up the 304 design variables. The final time is
used to control the integration time-step size which in turn controls the ODE integration duration.
Further, constraints on the control input u are specified to make up the 101 constraints as well
as four additional scalar post-processing constraints. Finally, the objective being minimized is the
final time. The optimized trajectory is shown in Figure 7.

1 modOpt is an open-source optimization library https://github.com/LSDOlab/modopt.
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 21

Fig. 7 The optimized trajectory for the lunar vehicle ascent problem.

Figure 8 shows an analysis of the optimization performance for different solution approaches
and numerical methods. We can observe that although all approaches and methods lead to a
converged optimization solution, their performance characteristics vary. As expected, increasing
the order of the numerical method leads to a decrease in relative error as illustrated in the upper
middle plot of Figure 8. However, we can also see that the increase in accuracy generally comes
with a performance cost due to the increase in the number of stages or the need to solve an implicit
system.

In terms of solution approaches, both collocation and Picard iteration require more memory
than time-marching due to the need to store large vectors and matrices that scale with nt. We
can also observe relative errors remaining largely unchanged across solution approaches. This is
expected as the errors are linked to the numerical method which is independent of how they are
solved. Any inconsistencies in the relative error across approaches can be attributed to slightly dif-
ferent optimization solutions for the case of collocation, or differences in nonlinear solver tolerances
for Picard iteration.

Figure 8 also highlights large differences in function counts depending on the approach and the
level of parallelization. Without any parallelization, the time-marching approach is competitive
in terms of function counts. On the other hand, with full parallelization, time-marching is much
more expensive as opposed to the other approaches. This is due to the fact that time-marching
does not benefit much from parallelization as it is a sequential solver. Further, it is guaranteed
that Picard iteration will have more individual function evaluations than time-marching at every
time step as the ODE function is evaluated for every time step at least once per optimization
iteration. Therefore, without any parallelization or vectorization, time-marching is often the ideal
approach.

With full parallelization, Picard iteration and collocation have similar function counts that
are far fewer than that of time-marching. The parallelization across the time dimension that is
available to both approaches is the main factor contributing to the performance advantage over
time-marching. However, the reasons for the performance differences between Picard iteration
and collocation are less clear. Picard iteration fully integrates the ODE at every optimization
iteration even in cases where the current design variables are far from optimal. On the other
hand, collocation does not resolve the ODE solution at every optimization iteration, leading to
cheaper forward evaluations. Another possible reason is due to the effect of the nonlinearities of the
ODE function on the collocation approach. If the ODE function is linear, the quasi-Newton solver
used by the gradient-based optimizer can converge quickly. Hence, the collocation approach may
outperform Picard iteration in some cases. It is important to note that the other design variables
(the dynamic control inputs in this case) and constraints may negatively affect the convergence
even if the ODE is linear. Finally, a good initial guess can give a head start to the collocation
approach when the optimization starts. A more detailed study of the convergence properties for
Picard iteration and collocation is left for future work.

When considering just optimization wall time, Picard iteration is more performant than both
time-marching and collocation for the same error, making it the most effective approach for this
problem. This could be due to the reasons outlined above as well as the fact that the implicit
function theorem is leveraged to compute derivatives through the nonlinear block Gauss Seidel
solver, reducing the number of derivative calculations needed.
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22 Mark Z. Sperry1, John T. Hwang1

Fig. 8 Performance comparison for the lunar vehicle ascent optimization problem. The colors and line style des-
ignate the approach and method (forward Euler, 4th order Runge–Kutta, implicit midpoint, or 6th order Gauss–
Legendre) used. All methods and approaches converged.

However, the performance of Picard iteration can suffer if the number of timesteps is too
large. Picard iteration involves matrix-vector multiplications with matrices that scale with nt in
both the number of columns and the number of rows. Furthermore, these matrices are not all
sparse, e.g the (I − V̄)−1 term in Equation (33) and (34). This results in a time complexity that
is not linear with nt unlike time-marching. Similar behavior also applies for the adjoint-based
derivative computation where a dense linear system with rows and columns scaling with nt must
be solved. Further, the ODE function must be suitable for fixed-point iteration, as the nonlinear
block Gauss-Seidel solver can diverge. This phenomenon is seen in the following example.

5.2 Van der Pol Oscillator

The Van der Pol oscillator problem from the Dymos (Falck et al., 2021) documentation contains a
second-order nonlinear ODE where the goal is to minimize a cost function with respect to control
inputs. The Van der Pol ODE with the cost function is described by

ẋ = (1− y2)x− y + u, ẏ = x, J̇ = x2 + y2 + u2,

where x and y are two first-order ODEs and J is the cost function. The design variable is a scalar
dynamic parameter u which represents the control input. We use 40 time time steps, yielding 41
design variables.

We verify our implementation by comparing our solution with that of Dymos. The left plots of
Figure 9 shows the optimized control and the final integrated states for Ozone and Dymos using
a similar number of collocation points. It can be verified that both implementations converge to
approximately the same control and states.

We use this problem as a preliminary benchmark to compare the performance of Ozone with
other Python ODE solvers, leveraging CSDL’s JAX backend. Figure 9 presents the benchmarking
results where it can be observed that Ozone achieves comparable ODE integration and derivative
computation speed relative to other solvers for collocation and time-marching. The solvers we
compared against include those that support collocation such as Dymos (Falck et al., 2021) and the
preceding Ozone implementation in OpenMDAO (Hwang and Munster, 2018). We also compared
against the more popular time-marching solvers including Tensorflow’s ODE module (Abadi et al.,
2015), Scipy (Virtanen et al., 2020), and torchdiffeq for Pytorch (Chen et al., 2018). We attempted
to implement the problem efficiently for each solver while maintaining consistency in terms of
numerical methods.
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Ozone: an open-source ordinary differential equation solver for gradient-based optimization 23

Fig. 9 Verification of the Van der Pol oscillation problem solution and a preliminary, qualitative comparison of
the numerical integration and derivative calculation performance. Ozone is competitive with other popular Python
solvers. Although the preceding Ozone implemented in OpenMDAO is the only other solver capable of using both
time-marching and collocation, our implementation is significantly faster. We also note that the Scipy ODE solver
does not provide derivatives.

We observe several orders-of-magnitude speedups when comparing the current implementa-
tion of Ozone to its predecessor implemented in OpenMDAO, showing a major benefit to our use
of CSDL and its JAX backend. The observed performance gains are especially significant against
NumPy-based solvers such as SciPy, Ozone in OpenMDAO, and Dymos to an extent, while we
achieve similar performance to solvers that have a compilation feature such as Tensorflow’s ODE
module. This aligns with our expectations as CSDL’s JAX backend features a Just-in-Time com-
pilation ability that we leverage.

We note that this benchmark should be interpreted as a qualitative comparison to demonstrate
Ozone’s competitive performance rather than a definitive comparison. Differences in solver imple-
mentation of the Van der Pol problem and issues in maintaining full consistency across solvers
lead to variations in performance. For example, Tensorflow and Scipy were limited to adaptive
time-stepping methods while the others used fixed timestep 4th order Runge-Kutta. Further, we
did not take advantage of some advanced features such as Jacobian sparsity that were available
in some solvers.

An analysis of the optimization performance between methods and approaches within Ozone

is shown in Figure 10. Unlike the preceding example, Picard iteration failed to converge for all
methods. This is either due to the time discretization being too coarse or the ODE formulation
causing instability during the nonlinear Gauss Seidel iteration procedure. It has been shown that
there is always a discretization fine enough that will allow Picard iteration to converge (Gandarillas
and Hwang, 2019). Picard iteration has been observed to be the least stable approach out of the
three. Therefore, it can be recommended to decrease the time step size if Picard iteration is to be
used.

Furthermore, it can be noted that the collocation approach converges significantly faster than
time-marching in terms of function evaluation count regardless of parallelization level. The reason
for this comes down to similar points raised in the previous example where the linearity of the
ODE function as well as the initial guess could lead to faster convergence. This demonstrates an
advantage of the collocation approach beyond the parallelization aspect.

However, when comparing optimization wall time, the time-marching approach is significantly
faster than collocation. Although collocation requires less function evaluations and optimization
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24 Mark Z. Sperry1, John T. Hwang1

Fig. 10 Performance comparison for the Van Der Pol oscillator optimization problem. The colors and line style
designate the approach and method (forward Euler, 4th order Runge–Kutta, implicit midpoint, or 6th order Gauss–
Legendre) used. The Picard iteration approach failed to converge due to divergence in the nonlinear Block Gauss–
Seidel solver.

iterations, the complexity of the optimization problem is substantially increased due to the addition
of multiple design variables and constraints per time step. In short, the collocation approach
offloads a large part of the numerical integration task to the optimizer, leading to more time spent
within the optimizer itself.

Further, each optimization iteration using the collocation approach requires several large sparse
matrix-vector multiplications. As shown in section 3.3, the sparse concatenated GLM matrices Ā,
B̄, Ū, and V̄ all scale with nt, as evidenced by the increased memory usage compared to the
time-marching approach.

Finally, we can observe the relative error to be equal between the two approaches for this
application. This is expected as the errors from numerical integration are ingrained in the numerical
method, not the solution approach. As the time-marching approach offers reduced computation
time and memory usage, it is the preferable choice of approach in this scenario. However, for more
complex trajectory optimization problems, such as those with complicated controls, dynamics and
path constraints, the collocation approach can outperform time-marching. This is explored further
in the following section.

5.3 Trajectory Optimization

The trajectory optimization benchmarking problem (Orndorff and Hwang, 2022) is a direct-
transcription optimal control problem. A three degree-of-freedom transition maneuver of NASA’s
lift-plus-cruise concept is optimized considering multiple disciplines. NASA’s lift-plus-cruise con-
cept is an air taxi consisting of eight lift rotors and one pusher rotor. The ODE system consists
of five states and unlike the preceding examples, the ODE function is more complex due to the
inclusion of a surrogate model to predict the axial and tangential velocities of the rotors. For this
problem, 39 time steps are used with three dynamic control inputs which consist of 120 design
variables. The final design variable is the time step size to control the integration time, similar to
the lunar vehicle ascent example in Sect. 5.1. Inequality constraints are added to some minimum
and final values of states to serve as path constraints. Further, a post-processing constraint to
limit noise using an acoustic model is also included. Finally, the objective being minimized is the
total energy used for the maneuver. The optimized trajectory is shown in Figure 11.

A comparison of the two solution approaches that converged can be seen in Figure 12. Similar
to the Van der Pol oscillator example, Picard iteration did not converge for any method. However,
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Fig. 11 The minimum energy trajectory for NASA’s lift-plus-cruise with final altitude, minimum altitude, final
velocity, final flight path angle, and maximum noise constraints.

in contrast to the Van der Pol oscillator problem, the collocation approach converged significantly
faster than the time-marching approach both in function count and optimization time.

Fig. 12 Performance comparison for the trajectory optimization problem. The colors and line style designate the
approach and method (forward Euler, 4th order Runge–Kutta, implicit midpoint, or 6th order Gauss–Legendre)
used. The Picard iteration approach failed to converge due to divergence in the nonlinear Block Gauss–Seidel solver.

Time-marching, akin to a single shooting method, can have trouble with trajectory optimiza-
tion problems with complicated controls and dynamics as well as difficult path constraints. In this
problem, the dynamics are fairly complex, involving several surrogate models modeling aerody-
namics and propulsion. Further, the imposed minimum height, final height, and maximum noise
constraints also add significant complexity to the optimization problem. These factors introduce
difficulties to the optimizer using the time-marching approach, which is sensitive to initial condi-
tions.

We also observe only a small performance gap between explicit and implicit methods when
using collocation. While implicit methods require solving a nonlinear system every timestep when
using time-marching (although it results in smaller error), this is not necessary for collocation.
The collocation approach does not explicitly resolve the nonlinear coupling at every optimization
iteration. Instead, the optimization constraint Jacobian is a large sparse block matrix, as seen in
figure 5, for both implicit and explicit methods, leading to only small differences in performance.

Overall, this problem highlights the advantages of collocation when used for complicated trajec-
tory optimization problems and the flexibility of Ozone, enabling easy switching between solution
approaches for analysis
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5.4 Nonlinear Reaction-Diffusion Process

Fig. 13 Performance comparison for the nonlinear reaction-diffusion process optimization problem. The colors and
line style designate the approach and method (forward Euler, 4th order Runge–Kutta, implicit midpoint, or 6th
order Gauss–Legendre) used. Both collocation and Picard iteration approaches reached memory usage limits. The
6th order Gauss–Legendre method failed to solve the problem due to memory limits without checkpointing and
excessive evaluation time with checkpointing.

This section considers a partial differential equation (PDE) modeling a nonlinear diffusion-
reaction process on a rod. The PDE in question is from Armaou and Christofides (2002) and is
given by

ẋ =
∂2x

∂zz
+ BT

(
e−γ/(1+x) − e−γ

)
+ BU ((H(z − 0.3π)−H(z − 0.7π))u(t)− x) , (36)

where the state x is the temperature along z, which is the distance along the rod, u is a scalar
control and H is the Heaviside function. The second spatial derivative of x in the first term of the
right hand side is solved using the method of lines with x being discretized into 210 points. Hence,
ny is equal to 210. Further, the time variable was discretized to get nt = 40000 with a final time
value of t = 2. The objective to minimize, J , is formulated as

J =

∫ 2

0

∫ 1

0

100x2 + 20u2dxdt,

and is approximated using the profile output function,

fp(x, u) =

ny−1∑
i=0

100x2i∆x+ 20u2,

and taking the weighted sum across time. Because a profile output is used, we do not store the
full state history at once. The design variable and control profiles are discretized into 41 points
and interpolated across all 40000 time steps as a design variable. Finally, the boundary conditions
of the ODE are incorporated into the method of lines within the ODE function model. The final
time history of the solved PDE is shown in Figure 14.

This problem encountered difficulties when using the Picard iteration and collocation ap-
proaches. The Picard iteration method could not handle storage of the dense coefficient matrix
(I − V̄)−1. For the collocation approach, compilation of the computational graph failed due to
the large values of nn (at least 40000). Because of difficulties in vectorizing this ODE function
efficiently, the CSDL compiler is not able to handle the size of computational graph.
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Fig. 14 The time history of the solved state for nonlinear reaction-diffusion process problem.

However, both time-marching with and without checkpointing successfully converged as can
be seen in Figure 13. This is because the memory usage associated with them is relatively low
compared to Picard iteration and collocation. We highlight the memory discrepancy between
the two time-marching approaches. We can see that checkpointing significantly reduces memory
consumption by around an order of magnitude as predicted. This is because time-marching without
checkpointing stores all intermediate states across all timesteps to improve the adjoint computation
time. Thus, as expected, time-marching is faster than time-marching with checkpointing both in
measured time and function evaluations. The checkpointing method requires numerical integration
of the ODE multiple times during one optimization iteration for the adjoint method, leading to the
slower optimization times. This is especially apparent for the implicit methods as linear systems
must be solved during the adjoint computation as well.

6 Conclusion

We presented Ozone, a general-purpose ordinary differential equation (ODE) solver for gradient-
based optimization. Ozone enables numerical integration of ODEs using a variety of methods and
solution approaches with automatic sensitivity analysis. All methods from the explicit and implicit
Runge–Kutta family are available in the implementation. The available solution approaches consist
of two serial and two parallel techniques. The serial approaches include time-marching and time-
marching with checkpointing, which both sequentially solve for the states through time. Time-
marching with checkpointing takes measures to decrease memory costs in exchange for increased
computation time. The two parallel approaches include Picard iteration and collocation, which
allow vectorized/parallel evaluations of the ODE function. An important feature of Ozone is that
inputs and outputs to the ODE solver can be connected to other analysis systems easily using
CSDL and the derivatives of the assembled system can be automatically computed. Another unique
advantage of Ozone is that it inherits CSDL’s ability to execute models using different backends.

The characteristics of the methods and approaches are analyzed through four applications. For
each solution approach, we found that there exists at least one case where it exhibits the best
performance in terms of time or memory. Ozone can therefore reduce the implementation time
for ODEs in optimization as it allows seamless switching between the four solution approaches as
opposed to using different solvers to find the best approach.

We also found that Ozone is proficient in solving a wide range of optimization problems con-
taining ODEs. Our experimental results show that Ozone coupled with CSDL can find effective
solutions for well-known, straightforward optimal control problems without constraints such as
the Van der Pol oscillator problem in Sect. 5.2, to complex, PDEs such as the one shown in Sect.
5.4, to problems with multiple disciplines with unconventional functions such as the trajectory
optimization problem in Sect. 5.3.
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The most promising direction for future work consists in implementing parallelized evaluations
of the ODE functions. Because Ozone already performs the integration procedure using concate-
nated values of the state, the required changes will only be on the evaluation of the ODE function.
Other potential improvements include implementation of multi-step methods, adaptive timesteps,
additional parallel integration approaches, other checkpointing schemes, support for differential
algebraic equations and implementing support for passing sparse Jacobian matrices directly to the
optimizer. Furthermore, analysis of the example applications demonstrates the need for further
study of convergence behavior for Picard iteration and collocation.
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