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High-dimensional uncertainty quantification using
graph-accelerated non-intrusive polynomial chaos and active

subspace methods

Bingran Wang∗, Nicholas C. Orndorff†, Mark Sperry‡, and John T. Hwang§

University of California, San Diego, La Jolla, CA, 92093

Integration-based non-intrusive polynomial chaos (NIPC) is a widely used method for solving
low-dimensional uncertainty quantification (UQ) problems that often forms the quadrature
points in a tensor structure. A recently developed graph transformation method, Accelerated
Model evaluations on Tensor grids using Computational graph transformations (AMTC) can
significantly accelerate model evaluations on tensor-structured inputs when the computational
graph is sparse. Integration-based NIPC with AMTC has proven effective for low-dimensional
UQ problems, but it is limited by the curse of dimensionality in high-dimensional cases. To
address this, we propose a new framework, AS-NIPC-AMTC, that connects this approach
with the active subspace (AS) method, a popular dimension reduction technique. In the
process of developing this new method, we have also developed a general framework, AS-NIPC
that connects the integration-based NIPC with the AS method to solve high-dimensional UQ
problems. This framework includes rigorous approaches to generate the orthogonal polynomial
basis functions of the lower dimensional active subspace inputs and efficient quadrature rules to
estimate their coefficients. The AS-NIPC-AMTC method extends the AS-NIPC method and
generates the quadrature rule following a desired tensor structure so that the model evaluations
can be significantly accelerated when AMTC is available. We demonstrate the effectiveness of
both AS-NIPC and AS-NIPC-AMTC methods on an 81-dimensional UQ problem computing
the average ground-level sound pressure of an electric air taxi flying a prescribed trajectory.
Both methods outperform existing UQ methods when the number of function evaluations is
limited to hundreds or fewer. The AS-NIPC-AMTC method results in at least 80% less error
with a fixed function evaluation cost, while AS-NIPC results in 30% less error. The proposed
methods provide a novel and rigorous way to combine the traditional NIPC method with the
recently developed dimension reduction and graph transformation techniques, offering unique
advantages when solving high-dimensional UQ and optimization under uncertainty problems.

I. Introduction
Uncertainty is ubiquitously present in many scientific applications and can significantly impact a system’s behavior

or performance. To address this, forward uncertainty quantification (UQ) (also known as uncertainty propagation) aims
to quantify and analyze the impact of uncertain inputs on a system’s output or quantity of interest (QoI) to provide
reliable estimates of its uncertainty. These uncertainty estimates can then support decision-making and risk assessment.
The applications of UQ can be found in many engineering disciplines such as fluids [1, 2], structures [3, 4], control [5]
and machine learning [6].

Uncertainties in the inputs can arise from various sources and are generally categorized as aleatoric or epistemic.
Aleatoric uncertainties, also known as irreducible uncertainties, are inherent to the system and may include variations in
operating conditions, mission requirements, and model parameters, among others. These uncertainties can be defined
within a probabilistic framework. Epistemic uncertainties, on the other hand, are reducible uncertainties that arise
from a lack of knowledge. Such uncertainties may be caused by approximations used in the computational model or
numerical solution methods and are difficult to define within a probabilistic framework.
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This paper focuses on UQ within a probabilistic formalism where uncertain inputs are continuous random variables
with known probability density distributions. The goal is to estimate statistical moments such as mean and variance
of the QoI, or more complex metrics such as the probability of failure, conditional value at risk (CVaR) [7], or the
probability density distribution of the QoI. Quantifying the impact of uncertainties on a system’s output is critical in
assessing the reliability of the system and enabling informed decision-making.

In the context of design optimization, UQ is a critical sub-problem of optimization under uncertainty (OUU)
problems [8]. OUU aims to find an optimal solution that is robust to uncertainties. Uncertainty propagation plays a
crucial role in this process as it determines the effect of input parameter uncertainties on the objective function or output
variables, allowing the optimization algorithm to find a more robust and reliable solution. Without accurate uncertainty
propagation, the optimization algorithm may converge to a solution that is not robust to uncertainties.

OUU problems can be broadly divided into two categories: robust design optimization (RDO) [9, 10] and reliability-
based design optimization (RBDO) [11]. In RDO, the effects of uncertainty in the objective and constraints are
considered through statistical moments, while in RBDO, probabilistic constraints are added based on the probability
of failure. To solve OUU problems, the computational framework typically involves two nested for-loops of a UQ
solver inside an optimizer. At each optimization iteration, an uncertainty propagation problem is solved to calculate
the objective and constraint function, along with its derivatives if a gradient-based optimizer is used. In this case, the
scalability and accuracy of the UQ method are critical factors in solving large-scale OUU problems.

UQ has been a major research area for many years and non-intrusive approaches have gained popularity due to their
ease of implementation. The most common non-intrusive methods include the method of moments, polynomial chaos,
kriging, and Monte Carlo. These methods have their strengths and weaknesses, and the choice of method depends on
the problem at hand. The method of moments analytically computes the statistical moments of the QoI from the Taylor
series approximation using the function evaluations and derivative information at one or a few fixed points [12]. This
method provides an efficient way to estimate the statistical moments but is unable to compute more complicated risk
measures of the QoI and suffers from the accuracy problem when the variance of inputs is significant. The Monte
Carlo approach randomly samples the uncertain inputs and computes the risk measure of QoI using the corresponding
output data. Due to the rule of large numbers, the convergence of Monte Carlo is independent of the number of
uncertain inputs, which makes it the desirable method to use for solving high-dimensional problems. Recent research to
improve its efficiency focuses on using multi-fidelity [13, 14] and importance sampling [15] approaches. However,
for low-dimensional problems, the Monte Carlo method could still require significantly more model evaluations to
achieve the same accuracy as other UQ methods. Kriging, also known as Gaussian process regression, constructs a
response surface function using the input-output data. The trained kriging model acts as a surrogate model of the
original function to allow a large number of model evaluations to conduct reliability analysis [16, 17] or optimization
under uncertainty [18]. The polynomial chaos method represents the QoI as orthogonal polynomials that are derived
from the distributions of the uncertain inputs. This method exploits the smoothness in the random space and enables
a fast convergence rate with sampling or integration techniques. Common polynomial chaos-based methods include
non-intrusive polynomial chaos [19–21] and stochastic collocation [22, 23]. Kriging and polynomial chaos are popular
UQ approaches to use for low or medium-dimensional problems, However, they suffer from the curse of dimensionality
and are not efficient enough to be directly applied to high-dimensional UQ problems.

Recently, a new method called Accelerated Model evaluations on Tensor grids using Computational graph
transformations (AMTC) [24, 25] was proposed by Wang and Hwang to accelerate model evaluations on tensor-grid
inputs. This method modifies the computational graph of the model from the middle-end of a modeling language to
eliminate the repeated evaluations on the operational level which are incurred by the tensor structure of the inputs.
This method has been well connected to the integration-based NIPC to generate quadrature rules with optimal tensor
structures and can outperform the existing UQ methods when solving certain low-dimensional UQ problems [26].
However, this method still suffers the curse of dimensionality for many high-dimensional UQ problems.

For high-dimensionality UQ problems, one approach to reduce the computational cost is to apply dimension
reduction techniques. Popular dimension reduction methods in uncertainty propagation problems include Sensitivity
Analysis [27], Principal Component Analysis (PCA) [28], Partial Least Squares (PLS) [29], and Active Subspace
(AS) [30]. Sensitivity Analysis is a commonly used method that determines the impact of input parameters on output
uncertainty. Local sensitivity analysis measures the perturbation of each input at a nominal value and its effect on
output, making it inexpensive to implement. However, this method may lack accuracy in many cases. In contrast,
global sensitivity analysis [31] computes Sobol indices, which measure output variations over the full range of inputs,
providing more accurate results but at a higher computational cost. PCA performs an eigenvalue decomposition on the
covariance matrix of the uncertain inputs to identify directions of maximum variance in the input space. However, it is
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not suitable for independent uncertain inputs. PLS uses the regression method to identify directions that maximize
covariance between input parameters and output uncertainty, but it may suffer from overfitting and does not utilize
gradient information. On the other hand, AS uses gradient information to identify an active subspace where most of
the first-order changes in the output exist. AS strikes a balance between accuracy and computational cost, making it
a powerful tool for high-dimensional UQ problems, while also providing an intuitive way to visualize and interpret
analysis results.

This paper aims to extend the capabilities of the graph-accelerated NIPC method (integration-based NIPC + AMTC)
to solve high-dimensional UQ problems by leveraging the active subspace method. While the AMTC method has proven
effective in solving low-dimensional UQ problems with sparse computational graph structures in conjunction with
integration-based NIPC, there is currently no existing framework that can directly connect the graph-accelerated NIPC
to the AS method. Although previous works [32, 33] have connected the AS method to regression-based NIPC methods,
they cannot be used to connect the active subspace method to the graph-accelerated NIPC method, which relies on an
integration-based approach to solve the polynomial chaos expansion (PCE) coefficients. To address this gap, this paper
first proposes a general framework called AS-NIPC, which generates PCE basis functions for the active subspace’s
uncertain inputs and an efficient quadrature rule in the original uncertain input space to connect the active subspace
method to the integration-based NIPC method. This framework can be applied to any high-dimensional UQ problem
without the need for the AMTC method. Furthermore, an extension of this framework, AS-NIPC-AMTC, is presented
to use with the AMTC method. This extension involves identifying sparse uncertain inputs using computational
graph information, applying the AS method to non-sparse uncertain inputs, and generating a desired tensor-structured
quadrature rule to take advantage of the sparse computational graph when the AMTC method is available.

The proposed methods have been tested on an 81-dimensional UQ problem computing the ground-level noise of a
lift-plus-cruise electric air taxi flying a prescribed trajectory with parameter uncertainties and control input uncertainties.
The results show that the proposed AS-NIPC and AS-NIPC-AMTC methods are more effective to use than the existing
methods in the case we can afford hundreds or fewer evaluations of the model.

This paper is organized as follows. Section II gives some background for NIPC, AMTC, and Active subspace
methods. Section III presents the details of the AS-NIPC and AS-NIPC-AMTC methods. Section IV shows the
numerical results of the test problem. Section V summarizes the work and offers concluding thoughts.

II. Background

A. Non-intrusive polynomial chaos
Polynomial chaos, also known as polynomial chaos expansion (PCE), was first introduced by Wiener, who used

Hermite polynomials to develop a physical theory for Gaussian random processes [34]. Ghanem extended this idea
to use Hermite polynomials as an orthogonal basis to represent random processes [35]. However, PCE suffers from
convergence issues for problems with non-Gaussian uncertain inputs. Xiu and Karniadakis proposed the generalized
polynomial chaos (gPC) method to address this difficulty [36]. The gPC method utilizes different orthogonal polynomials
for uncertain inputs with different distributions to achieve optimal convergence for the UQ problem.

Consider an uncertainty propagation problem with a multivariate stochastic function written as

𝐹 = F (𝑈), (1)

where 𝑈 = (𝑈1, . . . ,𝑈𝑑) ∈ R
𝑑 are a set of mutually uncertain inputs with probability density distributions 𝜌(𝑢) and

support Γ, 𝐹 ∈ R is the QoI of this problem and F : R𝑑 → R is the evaluation function. The gPC method represents
the QoI as an infinite series of orthogonal polynomials of the uncertain inputs:

𝐹 (𝑈) =
∞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈), (2)

where Φ𝑖 (𝑈) and 𝛼𝑖 are PCE basis functions and their corresponding PCE coefficients, respectively. In practice, (2) is
often truncated to a specific order, leading to an approximation function of the QoI with limited terms, written as

𝐹 (𝑈) ≈
𝑞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈). (3)
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If we truncate the series by choosing only the polynomials up to the order of 𝑝, the resulting number of PCE terms
follows

𝑞 + 1 =
(𝑑 + 𝑝)!
𝑑!𝑝!

. (4)

These PCE basis functions satisfy the orthogonality property as〈
Φ𝑖 (𝑈),Φ 𝑗 (𝑈)

〉
= 𝛿𝑖 𝑗 , (5)

where 𝛿𝑖 𝑗 is Kronecker delta and the inner product defined as〈
Φ𝑖 (𝑈),Φ 𝑗 (𝑈)

〉
=

∫
Γ

Φ𝑖 (𝑢)Φ 𝑗 (𝑢)𝜌(𝑢)𝑑𝑢. (6)

Constructing the PCE basis functions is extremely important to ensure the fast convergence rate of any PCE-based
methods, and this can be nontrivial in many cases. For one-dimensional problems, the univariate orthogonal polynomials
have been derived for common types of continuous random variables, shown in Tab. 1. For multi-dimensional problems,
if the inputs are mutually independent, the PCE basis functions can be formed as a tensor-product of the univariate
orthogonal polynomials that correspond to each uncertain input. We here introduce the multi-index notation and define
a 𝑝-tuple as

𝑖
′
= (𝑖1, . . . , 𝑖𝑝) ∈ N

𝑝

0 , (7)

with its magnitude defined as
|𝑖′ | = 𝑖1 + . . . + 𝑖𝑝 . (8)

With this notation, we let {𝜙𝑖 (𝑢̃𝑘)}
𝑝

𝑖=0 denote the set of univariate PCE basis functions for variable 𝑢𝑘 . Then the
multivariate PCE basis with total degree up to 𝑝 can be represented as

Φ𝒊′ (𝑢̃) = 𝜙𝑖1
(𝑢̃1) . . . 𝜙𝑖𝑑 (𝑢̃𝑑), |𝑖′ | ≤ 𝑝. (9)

However, this process becomes thorny if the uncertain inputs are not independent or they do not follow common types
of distributions. For a special case, if the uncertain inputs are multivariate Gaussian random variables, the PCE basis
functions can be analytically derived following [37]. For arbitrary and dependent uncertain inputs, the PCE basis
functions can be numerically generated using a whitening transformation matrix as in [38].

There are mainly two approaches to solve the PCE coefficients 𝛼𝑖 in (3): by integration or regression. These two
approaches show similar performance with significantly higher convergence rates than the Monte Carlo method on
low-dimensional UQ problems[39], but their research focuses are drastically different. The integration approach makes
use of the orthogonality property of PCE basis functions in (5) and projects the QoI onto each basis function, which
results into an integration problem for each coefficient as:

𝛼𝑖 =

〈
𝐹 (𝑈),Φ𝑖

〉〈
Φ

2
𝑖

〉
=

∫
Γ

𝑓 (𝑢)Φ𝑖 (𝑢)𝜌(𝑢)𝑑𝑢

=

∫
Γ1

. . .

∫
Γ𝑑

𝑓 (𝑢1, . . . , 𝑢𝑑)Φ𝑖 (𝑢1, . . . , 𝑢𝑑)𝜌(𝑢1, . . . , 𝑢𝑑)𝑑𝑢1 . . . 𝑑𝑢𝑑 .

(10)

In this approach, the number of the PCE basis functions we use barely affects the computational cost as we use the same
quadrature rule to estimate all of the PCE coefficients. The main difficulty here is to derive an efficient quadrature rule
to solve the high-dimensional integration problem in (10). The easiest quadrature rule to use is the Gauss quadrature
rule [40]. In 1D case, the Gauss quadrature rule is optimal to use as the quadrature rule with 𝑘 nodes can exactly
integrate polynomials up to (2𝑘 − 1)th order. However, in the multi-dimensional case, the quadrature rule is formed
as a tensor product of the 1D quadrature rule and the number of quadrature points increases exponentially with the
dimension as 𝑘𝑑 . More efficient quadrature rules to use for high-dimensional problems include Smolyak sparse-grid
quadrature rule [41] which drops higher order terms in Gauss quadrature rule while maintaining minimal loss and
the designed quadrature rule [42], which numerically generate the quadrature rule that satisfies the moment matching
equations through optimization.
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Table 1 Orthogonal polynomials for common types of continuous random variables

Distribution Orthogonal polynomials Support range

Normal Hermite (−∞,∞)
Uniform Legendre [−1, 1]

Exponential Laguerre [0,∞)
Beta Jacobi (−1, 1)

Gamma Generalized Laguerre [0,∞)

On the other hand, the regression approach computes the PCE coefficients as the least-square solution of the linear
system 

Φ1 (𝑢
(1) ) . . . Φ𝑞 (𝑢

(1) )
...

...

Φ1 (𝑢
(𝑛) ) . . . Φ𝑞 (𝑢

(𝑛) )



𝛼1
...

𝛼𝑞

 =

𝑓 (𝑢 (1) )

...

𝑓 (𝑢 (𝑛) )

 , (11)

where (𝑢 (1)
, . . . , 𝑢

(𝑛) ) represents a set of 𝑛 sample points generated from the distributions of the uncertain inputs. The
number of samples 𝑛 is typically chosen to be 2-3 times the number of coefficients. This means the number of PCE
basis functions used in NIPC would directly affect the required number of model evaluations and the accuracy of the
UQ methods. Thus the main focuses to improve its efficiency are on sparse PCE basis selection [43, 44] and optimal
sampling [45].

B. Accelerated model evaluations on tensor grids using computational graph transformation
The Accelerated Model evaluations on Tensor grids using Computational graph transformations(AMTC) method is a

graph transformation method to reduce the model evaluation cost on tensor-grid input points. The AMTC method takes
advantage of the fact that when we view a computational model as a computational graph with elementary operations,
each operation’s output only has distinct evaluations on the distinct nodes in the space of its dependent input. When
evaluating a model on tensor-grid input nodes, often many operations do not depend on all of the uncertain inputs
and the traditional framework to run the entire model in a for-loop approach creates many repeated evaluations on
the operational level. The AMTC method eliminates repeated evaluations on the operational level by partitioning the
computational graph into several sub-graphs based on the dependency information of the operations. Operations in
each graph share the same input space and are evaluated only on the same distinct nodes in their input space. The
Einstein summation nodes are inserted connecting the sub-graphs to ensure correct data flow between the sub-graphs.
For example, suppose we want to evaluate a simple function

𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2) (12)

on tensor-grid input points with 𝑘 points in each dimension. The function can be decomposed into a sequence of
elementary operations as

𝜉1 = 𝜑1 (𝑢1) = 𝑐𝑜𝑠(𝑢1);
𝜉2 = 𝜑2 (𝑢2) = −𝑢2;
𝜉3 = 𝜑3 (𝜉2) = 𝑒𝑥𝑝(𝜉2);
𝑓 = 𝜑4 (𝜉2, 𝜉3) = 𝜉2 + 𝜉3,

(13)

where 𝜑𝑖 represents the elementary operations in the function and the computational graph of this function is shown in
Fig. 1. The input points are given as

𝒖 =


(𝑢 (1)

1 , 𝑢
(1)
2 ) . . . (𝑢 (𝑘 )

1 , 𝑢
(1)
2 )

...
. . .

...

(𝑢 (1)
1 , 𝑢

(𝑘 )
2 ) . . . (𝑢 (𝑘 )

1 , 𝑢
(𝑘 )
2 )

 , (14)

with 𝑘
2 input points. The computational graphs to evaluate this function using and without using the AMTC method are

shown in Fig. 2. When not using the AMTC method, all of the operations in the computational graph are evaluated 𝑘
2
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times. However, by using the AMTC method, the operations that are only dependent on 𝑢1 or 𝑢2 are evaluated 𝑘 times as
their outputs only have 𝑘 distinct values. The AMTC method has been well connected to the integration-based NIPC to
solve the integration problems using the quadrature rule with full-grid quadrature points and also offers flexibility for the
users to design the quadrature points with an optimal tensor structure based on the computational graph information [26].

This method has been implemented in the middle end of the compiler for a recently developed modeling language,
Computational System Design Language (CSDL) [46]. CSDL is a domain-specific language designed for large-scale
multi-disciplinary design analysis and optimization and generates the computational graph of the model based on the
source code. When evaluating the model on tensor grids, the AMTC method is used as a middle-end algorithm that
modifies the computational graph so that the elimination of repeated evaluations on the operational level can be achieved.
A demonstration of the implementation of AMTC on CSDL is shown in Fig. 3.

Fig. 1 Computational graph of function 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2)

C. Active subspace
The active subspace(AS) method traces back to Russi’s Ph.D. thesis in [47]. The widely known form of it was

proposed by Constantine et. al. in [30]. It is a popular dimension-reduction method for solving high-dimensional
UQ problems and has also been used to solve optimization [48, 49] and inverse problems [50]. The basic idea
behind AS is to exploit the fact that some directions in the input parameter space have a greater impact on the output
uncertainty than others. By identifying these important directions, we can project the high-dimensional input space
onto a lower-dimensional subspace that captures the most important input-output relationships. To achieve that, the AS
method computes the mean squared gradients of the objective function with respect to the uncertain inputs as

𝐶 = E[(∇𝑢 𝑓 ) (∇𝑢 𝑓 )
𝑇 ] =

∫
Γ

(∇𝑢 𝑓 ) (∇𝑢 𝑓 )
𝑇
𝜌(𝑢)𝑑𝑢, (15)

where ∇𝑢 𝑓 = [ 𝜕 𝑓

𝜕𝑢1
, . . . ,

𝜕 𝑓

𝜕𝑢𝑑
]𝑇 . The 𝐶 matrix is symmetric and positive semi-definite and thus has non-negative

eigenvalues and orthogonal eigenvectors. Following an eigenvalue decomposition, the 𝐶 matrix can be expressed as

𝐶 = 𝑊Λ𝑊
𝑇
, Λ = diag(𝜆1, . . . , 𝜆𝑑). (16)

The eigenvectors 𝑊 define a rotation of the original uncertain input space and are sorted by the magnitude of their
corresponding eigenvalues in decreasing order, while the magnitude of the eigenvalues represents the function’s average
variation in each direction. The AS method identifies the active subspace 𝑢̃ by partitioning the eigenvalues and
eigenvectors as

Λ =

[
Λ1

Λ2

]
, 𝑊 =

[
𝑊1 𝑊2

]
, (17)
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(a) Computational graph without
using AMTC

(b) Computational graph using AMTC

Fig. 2 Computational graphs with data size for full-grid input points evaluation on 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2) [25]

Fig. 3 Demonstration for the implementation of CSDL [25]

where Λ1 = diag(𝜆1, . . . , 𝜆𝑚) and 𝑊1 ∈ R𝑚×𝑑 with 𝑚 < 𝑑. This results in two sets of rotated coordinates defined as

𝑢̃ = 𝑊
𝑇
1 𝑢, 𝑢̄ = 𝑊

𝑇
2 𝑢, (18)

such that the function is significantly more variant in the space of 𝑢̃ than 𝑢̄. Once the active subspace is identified,
the UQ problem can be solved in this lower-dimensional space, which greatly reduces the computational cost of the
analysis.

III. Methodology
In this paper, we first propose a novel framework to connect the integration-based NIPC method to the active

subspace approach to solve high-dimensional UQ problems. This involves generating orthogonal PCE basis functions in
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the active space using the whitening matrix and generating an efficient quadrature rule in the original input space using
the designed quadrature method to estimate the PCE coefficients. We then propose an extension of this framework to
combine it with the AMTC method to generate the quadrature rule that has a desired tensor structure to take advantage
of the sparsity of the computational graph.

A. AS-based NIPC
Consider a high-dimensional UQ problem involving a function,

𝑓 = F (𝑢) 𝑢 ∈ R𝑑 , (19)

with the indendent uncertain inputs 𝑈 = (𝑈1, . . . ,𝑈𝑑) ∈ R
𝑑 . Assuming 𝑑 is large enough (𝑑 > 10), such that directly

applying any UQ method would require a large number of model evaluations. We first apply the active subspace (AS)
method to find a desired rotation of the input coordinate such that the function is only significantly variant with respect
to fewer inputs. This involves first computing the mean squared gradients of the objective function with respect to the
uncertain inputs as

𝐶 = E[(∇𝑢 𝑓 ) (∇𝑢 𝑓 )
𝑇 ], (20)

and then an eigenvalue decomposition of it as

𝐶 = 𝑊Λ𝑊
𝑇
, Λ = diag(𝜆1, . . . , 𝜆𝑑). (21)

By inspecting the eigenvalues, the eigenvalues and eigenvectors are partitioned as

Λ =

[
Λ1

Λ2

]
, 𝑊 =

[
𝑊1 𝑊2

]
(22)

with Λ1 = diag(𝜆1, . . . , 𝜆𝑚), this separates the rotated coordinates into two sets as

𝑢̃ = 𝑊
𝑇
1 𝑢, 𝑢̄ = 𝑊

𝑇
2 𝑢, (23)

and the function varies significantly more in the active subspace 𝑢̃ than the space of 𝑢̄. Now the function can be written
as the rotated inputs as

𝑓 (𝑢̃, 𝑢̄) = F (𝑊1𝑢̃ +𝑊2𝑢̄). (24)

Assume we choose 𝑚 to be reasonably large enough so that the function is nearly invariant in the space of 𝑢̄, and in the
meantime, 𝑚 is small enough (𝑚 < 10) so that cost of applying NIPC in the active subspace is affordable. By using the
gPC theory and truncating all of the terms of 𝑢̄, we approximate the model output as

𝐹 (𝑈̃) ≈
𝑞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈̃). (25)

Since the active subspace,𝑢̃ can be significantly lower dimensional than the original uncertain input space, 𝑢, solving
PCE coefficients in this equation (25) would require a significantly lower number of model evaluations than applying
NIPC with respect to the original uncertain inputs. However, applying the integration-based NIPC method here poses
two main challenges.

1) The probability density of the distribution of the uncertain inputs in the active space is unknown which makes it
difficult to generate the PCE terms in the active subspace.

2) An efficient quadrature rule in the original input space needs to be derived to calculate the PCE coefficients that
correspond to the PCE terms of the active subspace uncertain inputs.

1. Generating PCE basis functions
We solve the first challenge by solving the whitening matrices that represent the coefficients of the PCE basis

functions. The rotated coordinates 𝑢̃ satisfy a linear relationship with the original coordinates 𝑢 as 𝑢̃ = 𝑊
𝑇
1 𝑢. Since the

eigenvectors in 𝑊1 are orthogonal, the active subspace uncertain inputs, 𝑈̃, are also mutually independent of each other.
This means that the PCE basis functions of 𝑢̃ can be formed as a tensor product of univariate orthogonal polynomials in
each dimension as

Φ𝒊′ (𝑢̃) = 𝜙𝑖1
(𝑢̃1) . . . 𝜙𝑖𝑑 (𝑢̃𝑑), |𝒊′ | ≤ 𝑘. (26)
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The difficulty here is to discover the univariate PCE basis functions for each uncertain input in the active subspace,
{𝜙𝑖 (𝑢̃ 𝑗 )}

𝑘
𝑖=0. To compute them, we follow the method in [38] and first represent the univariate PCE basis functions of

𝑢̃ 𝑗 as

𝜙(𝑢̃ 𝑗 ) =
[
𝜙0 (𝑢̃ 𝑗 ), . . . , 𝜙𝑘 (𝑢̃ 𝑗 )

]𝑇
= 𝑀𝑃𝑘 (𝑢̃ 𝑗 ), (27)

where 𝑃𝑘 (𝑢̃ 𝑗 ) = [0, 𝑢̃ 𝑗 , 𝑢̃
2
𝑗 , . . . , 𝑢̃

𝑘
𝑗 ]

𝑇 is the monomial basis vector in 𝑢̃ 𝑗 up to degree 𝑘 , and 𝑀 ∈ R(𝑘+1)×(𝑘+1) is a lower
triangular matrix storing the coefficients for the minimal basis polynomials in the univariate PCE basis functions. The
𝑀 matrix is chosen so that the orthogonality property in (5) is satisfied in the 𝑢̃ 𝑗 dimension as∫

Γ𝑢̃ 𝑗

𝜙(𝑢̃ 𝑗 )𝜙(𝑢̃ 𝑗 )
𝑇
𝜌(𝑢̃ 𝑗 )𝑑𝑢̃ 𝑗 = 𝐼, (28)

which can be written as ∫
Γ𝑢̃ 𝑗

𝑃𝑘 (𝑢̃ 𝑗 )𝑃𝑘 (𝑢̃ 𝑗 )
𝑇
𝜌(𝑢̃ 𝑗 )𝑑𝑢̃ 𝑗 = 𝑀

−1
𝑀

−𝑇
. (29)

We define the monomial matrix as
𝐺 :=

∫
Γ𝑢̃ 𝑗

𝑃𝑘 (𝑢̃ 𝑗 )𝑃𝑘 (𝑢̃ 𝑗 )
𝑇
𝜌(𝑢̃ 𝑗 )𝑑𝑢̃ 𝑗 , (30)

then the 𝑀 matrix satisfies
𝑀

−1
𝑀

−𝑇
= 𝐺, (31)

and can be solved through Cholesky factorization of 𝐺 as

𝑀 = 𝑄
−1
, 𝐺 = 𝑄𝑄

𝑇
. (32)

However, solving 𝐺 in (30) would require us to know the probability distribution of the uncertain inputs in the active
subspace,𝜌(𝑢̃). To address this, we utilize the linear relationship, 𝑢̃ 𝑗 = 𝑊

𝑇
𝑗 𝑢, where 𝑊 𝑗 is the ( 𝑗 + 1)th column of 𝑊1,

and apply the change of variables to rewrite (30) as

𝐺 =

∫
Γ𝑢̃ 𝑗

𝑃𝑘 (𝑢̃ 𝑗 )𝑃𝑘 (𝑢̃ 𝑗 )
𝑇
𝜌(𝑢̃ 𝑗 )𝑑𝑢̃ 𝑗

=

∫
Γ𝑢

𝑃𝑘 (𝑊
𝑇
𝑗 𝑢)𝑃𝑘 (𝑊

𝑇
𝑗 𝑢)

𝑇
𝜌(𝑢)𝑑𝑢.

(33)

The integral in (33) can then be easily computed by Monte Carlo or numerical quadrature approach following the
probability density distribution of the original uncertain inputs.

2. Generating an efficient quadrature rule
Using the integration-based NIPC approach, we approximate the PCE coefficients in (25) by solving an integration

problem as

𝛼𝑖 =

〈
𝐹 (𝑈̃),Φ𝑖 (𝑢̃)

〉〈
Φ𝑖 (𝑢̃)

2
〉

=

∫
Γ𝑢̃

𝑓 (𝑢̃)Φ𝑖 (𝑢̃)𝜌(𝑢̃)𝑑𝑢̃.

(34)

This results in an integration problem in 𝑢̃ space, which is much lower dimensional than the original uncertain input
space. However, evaluating this integral is challenging in two parts. Firstly, we cannot directly evaluate 𝑓 (𝑢̃), the
computational model only takes the input of 𝑢. For a specific point in 𝑢̃ space, there can be an infinite number of points
in 𝑢 that satisfy 𝑢̃ = 𝑊

𝑇
1 𝑢. Secondly, the probability density of distribution for the active subspace uncertain inputs,

𝜌(𝑢̃) is unknown. The objective here is to generate an efficient quadrature rule with the nodes in the original input space.
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We denote the quadrature points and the weights as 𝒖 := (𝑢 (1)
, . . . , 𝑢

(𝑛) ) and 𝒘 := (𝑤 (1)
, . . . , 𝑤

(𝑛) ) respectively, and
the quadrature rule approximates the integral in (34) as∫

Γ𝑢̃

𝑓 (𝑢̃)Φ𝑖 (𝑢̃)𝜌(𝑢̃)𝑑𝑢̃ ≈
𝑑∑︁
𝑖=1

𝑤
(𝑖)

𝑓 (𝑢 (𝑖) )Φ𝑖 (𝑊
𝑇
1 (𝑢 (𝑖) ). (35)

We solve the quadrature rule following the designed quadrature method [21] which was originally derived for solving
high-dimensional integration problems. The core idea here is that for an integration problem with respect to the
probability density distribution of 𝑢, if the nodes and weights of the quadrature rule satisfy the multi-variate moment
matching equations as

𝑛∑︁
𝑖=1

Φ𝒊′

(
𝑢
(𝑖)
)
𝑤

(𝑖)
=

{
1 if |𝒊′ | = 0
0 for 𝛼 ∈ 0 < |𝒊′ | < 𝑘,

(36)

where Φ𝒊′ are the PCE basis functions of 𝑢, then the quadrature rule can exactly integration any polynomials of 𝑢
up to (2𝑘 − 1)th order. In our case, we want to design the quadrature rule with 𝒖 and 𝒘 such that after the linear
transformation, 𝑢̃ = 𝑊

𝑇
1 𝑢, the quadrature rule can exactly integrate polynomials of 𝑢̃ to a specific order. Thus the

moment-matching equation here is written as

𝑛∑︁
𝑖=1

Φ𝒊′

(
𝑊

𝑇
𝑢
(𝑖)
)
𝑤

(𝑖)
=

{
1 if |𝒊′ | = 0
0 for 0 < |𝒊′ | < 𝑘,

(37)

where Φ𝒊′ are the PCE basis functions of 𝑢̃ that we generated in the previous step. We represent the moment matching
equations in (37) as residual equations:

R(𝒖, 𝒘) = 0, (38)

where R : R𝑑×𝑛 × R𝑛 → R𝑛. The quadrature rule is generated by solving an optimization problem formulated as

min
𝒖,𝒘

∥𝑟 (𝒖, 𝒘)∥2

subject to 𝑢
( 𝑗 ) ∈ Γ, 𝑗 = 1, . . . , 𝑛,

𝑤
( 𝑗 )

> 0, 𝑗 = 1, . . . , 𝑛,

(39)

which minimizes the norm of the residual equations and constrains the nodes to be within the support range and weights
to be positive. The number of nodes to use, 𝑛, depends on the dimension of the active subspace, 𝑚, and the highest
degree of polynomials of PCE basis functions, 𝑘 , and can be chosen following [26], as

𝑛 =

{
𝑘
𝑚

𝑚! for 𝑚 ≤ 2
0.9 (2𝑚)𝑘−1

(𝑘−1)! for 𝑚 > 2.
(40)

The optimization problem in (39) can be solved using any common nonlinear optimizer such as the SNOPT (Sparse
Nonlinear OPTimizer) [51].

3. Special case: Gaussian uncertain inputs
One special case we can easily generate the PCE basis functions is when all of the uncertain inputs are Gaussian

random variables. In this case, the distribution of the uncertain inputs can be written as

𝑈 ∼ N(𝜇, Σ), (41)

then the active subspace uncertain inputs 𝑈̃ are also Gaussian random with distribution

𝑈̃ ∼ N(𝑊𝑇
1 𝜇,𝑊

𝑇
1 Σ𝑊1). (42)

In this case, the univariate orthogonal polynomials for every AS uncertain input are Hermite polynomials, and the PCE
basis functions are easily formed following (26). For the quadrature rule, we still recommend using the same designed
quadrature approach, as this approach results generally require the fewest quadrature points to achieve the same level of
accuracy.
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4. AS-NIPC algorithm
We refer to this AS-based NIPC method as the AS-NIPC method and present a detailed algorithm in Alg.1. We begin

by extracting a lower dimensional active subspace using the AS method as described in equations (20)(21)(22)(23).
Next, we generate the univariate PCE basis functions for each AS uncertain input by solving the whitening matrix using
equations (33) (32) (27) for a specified polynomial order 𝑘 . The multivariate PCE basis functions are then formed as a
tensor structure of the univariate PCE basis functions using equation (26). Once the PCE basis functions are generated,
we choose the number of quadrature points using equation (40), and then form the moment-matching equations in (37).
Next, we generate the quadrature rule by solving the optimization problem in (39) using a nonlinear optimizer. Finally,
we use the quadrature rule to approximate the PCE coefficients as in equation (35) to perform UQ analysis.

Algorithm 1 AS-NIPC for high-dimensional UQ problems

1: Perform the AS method to compute the active subspace as 𝑢̃ = 𝑊
𝑇
1 𝑢

2: Specify the polynomial order,𝑘 and generate the PCE basis functions Φ𝒊′ (𝑢̃)
3: Choose the required number of quadrature points 𝑛
4: Compute the nodes 𝒖 and weights 𝒘 in the quadrature rule by solving the optimization problem
5: Evaluate the model on the quadrature points
6: Approximate each PCE coefficient 𝛼𝑖
7: Compute the desired risk measure of the model output

B. AS based NIPC with AMTC
The AS-NIPC method we presented in this paper provides a framework to combine the integration-based NIPC

method with the active subspace method to solve high-dimensional UQ problems. However, this method cannot be
accelerated by the AMTC method as the quadrature points do not possess a tensor structure. The objective here is to
propose an extension of the AS-NIPC method to generate the quadrature points that possess a desired tensor structure
such that the model evaluations can be significantly accelerated using the AMTC method. For high-dimensional UQ
problems, there often exist some uncertain input operations that affect a small number of operations in the computational
graph. In this case, the evaluation cost of the operations that are dependent on these inputs may only take a small
percentage (< 10%) of the total model evaluation cost. We refer to these uncertain inputs as sparse uncertain inputs and
the other uncertain inputs as non-sparse uncertain inputs. The sparse uncertain inputs can be identified by generating the
dependency information of each operation, written as 𝐷 (𝜑𝑖 , 𝑢 𝑗 ), which stores whether the operation 𝜑𝑖 is dependent on
uncertain input 𝑢 𝑗 as a binary number and the evaluation cost of each operation, written as 𝑂 (𝜑𝑖). For example, for the
function 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2) with the elementary operations defined in (13), we show its dependency information
as in Tab. 2. With the graph information, we define the sparsity ratio of an uncertain input as the ratio of its dependent
operations’ cost over the total model evaluation cost which can be approximated as

SR(𝑢𝑖) =
∑𝑙

𝑖=1 𝑂 (𝜑𝑖)𝐷 (𝜑𝑖 , 𝑢 𝑗 )
𝑂 ( 𝑓 (𝑢)) , (43)

where 𝑂 ( 𝑓 (𝑢)) is the cost of one model evaluation and the model can be decomposed as a sequence of 𝑙 operations as
{𝜑1, . . . , 𝜑𝑙}. We identify the sparse uncertain inputs as its sparsity ratio is < 10% and partition the uncertain inputs as

𝑢 = (𝑢𝑠 , 𝑢𝑛𝑠), (44)

where 𝑢𝑠 = (𝑢𝑠1
, . . . , 𝑢𝑠𝑑1

) ∈ R𝑑1 is the set of sparse uncertain inputs and 𝑢𝑛𝑠 ∈ R
𝑑2 is the set of non-sparse uncertain

inputs with 𝑑 = 𝑑1 + 𝑑2. In this case, if all of the uncertain inputs are sparse uncertain inputs, we can easily form a
full-grid quadrature rule following the Gauss quadrature method, such that the quadrature points can be written as

𝒖 = 𝒖𝑘
{1} × . . . × 𝒖𝑘

{𝑑} , (45)

where 𝒖𝑘
{𝑖} represents the 𝑘 quadrature points in 𝑢𝑖 space. In this way, even though the number of quadrature points

increases exponentially as 𝑛 = 𝑘
𝑑 , the model evaluation cost can be significantly accelerated using the AMTC method

which will only evaluate each operation on the distinct quadrature points in the space of the uncertain inputs on
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Table 2 Operations dependency information for function 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2) [25]

𝐷 (𝜑𝑖 , 𝑢 𝑗 ) 𝑢1 𝑢2

𝜑1 1 0
𝜑2 0 1
𝜑3 0 1
𝜑4 1 1

which it depends. In the case where all the uncertain inputs are sparse uncertain inputs, the number of evaluations
performed on each operation can be significantly lower than the number of quadrature points. However, in most
cases, for high-dimensional problems, there often only exist a few sparse uncertain inputs. In this case, we choose the
quadrature rule that maintains a tensor structure between the quadrature points in the non-sparse uncertain input space
and quadrature points in the space of each sparse uncertain input, such that the quadrature points can be written as

𝒖 = 𝒖
𝑛1
{𝑛𝑠} × 𝒖

𝑛2
{𝑠1 }

× . . . , 𝒖
𝑛2
{𝑠𝑑1

} , (46)

where 𝒖
𝑛1
{𝑛𝑠} represents quadrature points in 𝑢𝑛𝑠 space with 𝑛1 points and 𝒖

𝑛2
{𝑠𝑑1

} represent the quadrature points in 𝑢𝑠𝑖

space with 𝑛2 pints. This results in a total of 𝑛1𝑛
𝑑2
2 quadrature points in the quadrature rule however by using the AMTC

method to transform the computational graph, the computational cost on the modified computational graph would scale
roughly linearly with 𝑛1 as most of the operations in the computational graph only dependent on 𝑢𝑛𝑠 and will only be
evaluated 𝑛1 times. However, for high-dimensional UQ problems, the dimensions for the non-sparse uncertain inputs
can still be large enough such that the required model evaluation cost is too much even with the AMTC method. We
address this problem by applying the AS-NIPC method within the space of 𝑢𝑛𝑠 to generate an efficient quadrature rule
with respect to the active subspace uncertain inputs. This involves computing the 𝐶 matrix as

𝐶 = E[(∇𝑢𝑛𝑠
𝑓 ) (∇𝑢𝑛𝑠

𝑓 )𝑇 ] =
∫
Γ

(∇𝑢𝑛𝑠
𝑓 ) (∇𝑢𝑛𝑠

𝑓 )𝑇 𝜌(𝑢)𝑑𝑢, (47)

then the AS method generates the active subspace inputs as

𝑢̃𝑛𝑠 = 𝑊
𝑇
1 𝑢𝑛𝑠 , (48)

such that 𝑢̃𝑛𝑠 = 𝑊
𝑇
1 𝑢𝑛𝑠 ∈ R

𝑚 with 𝑚 ≤ 𝑑1. Following the AS-NIPC method, we will generate the PCE basis functions
Φ(𝑢̃𝑛𝑠) and the quadrature rule to estimate the PCE coefficients as 𝒖𝑛̃

𝑛𝑠 , 𝒘
𝑛̃
𝑛𝑠. In this way, the number of quadrature

points in 𝑢𝑛𝑠 is determined by the dimension of the active subspace uncertain inputs rather than the non-sparse uncertain
inputs, which means 𝑛̃ can be significantly smaller than 𝑛1. Then we can approximate the stochastic function as

𝐹 (𝑈̃𝑛𝑠 ,𝑈𝑠) ≈
𝑞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈̃𝑛𝑠 ,𝑈𝑠), (49)

where the PCE basis functions can be constructed as

Φ𝑖 (𝑈̃𝑛𝑠 ,𝑈𝑠) = Φ𝑖 (𝑈̃𝑛𝑠) × 𝜙(𝑢𝑠1
) × . . . × 𝜙(𝑢𝑠𝑑2

), (50)

where 𝜙(𝑢𝑠𝑖 ) are univariate orthogonal polynomials of 𝑢𝑠𝑖 . The quadrature rule follows the same tensor structure with
the quadrature points as

𝒖 = 𝒖𝑛̃
{𝑛𝑠} × 𝒖𝑘

{𝑠1 } × . . . , 𝒖𝑘
{𝑠𝑑1

} , (51)

where the 𝒖𝑘
{𝑠𝑖 } is chosen as the 𝑘 Gauss quadrature points in 𝑢𝑠𝑖

dimension. This results in an efficient quadrature rule
with a desired tensor structure to use with the AMTC method when it comes to model evaluations.

We refer to this method to combine AS-NIPC with the AMTC method as AS-NIPC-AMTC method and present
a detailed algorithm in Alg.2. For a specified computational graph of the model, we first generate the dependency
information of each certain input from the computational graph and compute the computational cost of each operation.
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Then we identify the sparse uncertain inputs by computing the sparsity ratio of each uncertain input following (43). Next,
we separate the uncertain inputs as sparse uncertain inputs 𝑢𝑠 and non-sparse uncertain inputs 𝑢𝑛𝑠 . The next step is to
apply the AS-NIPC method on the non-sparse uncertain inputs space to generate the AS PCE basis functions Φ𝑖 (𝑈̃𝑛𝑠)
and the quadrature rule with nodes and weights as 𝒖𝑛̃

𝑛𝑠 and 𝒘𝑛̃
𝑛𝑠, respectively. We generate the univariate orthogonal

polynomials and Gauss quadrature points for each sparse uncertain input and formulate the PCE basis functions and the
quadrature rule following (50) and 51, respectively. Finally, we estimate the PCE coefficients using the quadrature rule
and perform the UQ analysis.

Algorithm 2 AS-NIPC-AMTC for high-dimensional UQ problems
1: Specify a computational graph for the model
2: Generate the dependency information from the computational graph 𝐷 (𝜑𝑖 , 𝑢 𝑗 )
3: Evaluate each operation in the computational graph once and store its computational cost 𝑂 (𝜑𝑖)
4: Identify the sparse uncertain inputs by computing the sparsity ratio of each uncertain input, SR(𝑢𝑖)
5: Apply the AS-NIPC method on the non-sparse uncertain inputs space to generate the Φ𝑖 (𝑈̃𝑛𝑠), 𝒖

𝑛̃
𝑛𝑠 and 𝒘𝑛̃

𝑛𝑠

6: Formulate the PCE basis functions Φ𝑖 (𝑈̃𝑛𝑠 ,𝑈𝑠)
7: Formulate the quadrature rule in with 𝒖 and 𝒘 in a tensor-structure
8: Evaluate the model on the quadrature points using AMTC
9: Compute the PCE coefficients using the quadrature rule

10: Compute the risk measure of QoI

IV. Numerical Results
The test problem here is an 81-dimensional UQ problem involving a lift-plus-cruise electric air taxi adapted

from [52]. The representation of the aircraft is shown in Fig. 4. The computational model computes the average
ground-level sound pressure level when the aircraft flies along a trajectory, and the UQ problem seeks to find the
expectation of the output when the control inputs and acoustic model parameters are subject to uncertainties. The model
consists of two sub-models: the trajectory model and the acoustic model. The trajectory model computes the flight
trajectory of the aircraft by solving an ODE system given the initial state and control inputs histories which include
histories of lift and cruise rotor thrust (𝑥𝑙 𝑥𝑐). The acoustics model computes the ground-level sound pressure level
(SPL) given a flight trajectory with the correlation equation involving three parameters: (𝛽1, 𝛽2, 𝛽3). The details of the
trajectory and acoustic models can be found in [52]. In the UQ problem we have the control inputs with 40 time steps as
𝑥𝑙 = [𝑥𝑙0 , . . . , 𝑥𝑙39

] and 𝑥𝑐 = [𝑥𝑐0
, . . . , 𝑥𝑐39

]. We give the history of the average control inputs as 𝑥𝑙 = [𝑥𝑙0 , . . . , 𝑥𝑙39
] and

𝑥𝑐 = [𝑥𝑐0
, . . . , 𝑥𝑐39

] and assume a linear relationship between the control inputs at two consecutive steps and white
noise is added at each step, following

𝑋𝑙𝑖+1
= 𝑐𝑋𝑙𝑖

+ 𝑁𝑙𝑖+1
, 𝑁𝑙𝑖+1

∼ N(0, 0.003𝑥𝑙𝑖 );
𝑋𝑐𝑖+1

= 𝑐𝑋𝑐𝑖
+ 𝑁𝑐𝑖+1

, 𝑁𝑐𝑖+1
∼ N(0, 0.003𝑥𝑐𝑖 );

(52)

which is a common form to represent the control input uncertainties in motion planning under uncertainty problems [53].
The control inputs histories with their average and 95% confidence interval are shown in Fig. 6. We also set the three
parameters in the acoustic model, (𝛽1, 𝛽2, 𝛽3), as Gaussian random variables. The complete set of 81 uncertain inputs
and their distributions are shown in Tab. 3.

This problem is solved by four UQ methods: Monte Carlo, Active subspace-based kriging (AS-kriging), AS-NIPC,
and AS-NIPC-AMTC. The Monte Carlo method and the AS-kriging method are chosen as the benchmark methods
because Monte Carlo is the optimal method to directly apply to an UQ problem this high dimensional and the AS-kriging
method is a popular method to solve high-dimensional UQ via AS approach. These two methods are compared with
the two methods we proposed in this paper: AS-NIPC and AS-NIPC-AMTC. Both of the AS-kriging and AS-NIPC
methods involve applying the AS method in the original uncertain input space. For both methods, the 𝐶 matrix in (20)
is approximated using the Monte Carlo method with the same 100 sample points. We show the first seven eigenvalues of
the 𝐶 matrix in Tab. 4 and choose 𝑚 = 6 as the dimension of the active subspace. The AS-kriging is implemented
following [30] using different numbers of sample points and the AS-NIPC method is implemented following Alg. 1
using different values of 𝑘 , which correspond to the different maximum polynomial orders for the PCE basis functions.

13

A
ut

ho
r 

ve
rs

io
n 

· c
ite

 th
e 

pu
bl

is
he

d 
pa

pe
r:

 ls
do

la
b.

gi
th

ub
.io

/ls
do

-p
ub

lic
at

io
ns

/p
ub

lic
at

io
n/

w
an

g2
02

3h
ig

h/



Fig. 4 Representation of the lift-plus-cruise electric air taxi [52]
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Fig. 5 Control inputs with confidence intervals

Table 3 Uncertain inputs in the UQ problem

Uncertain input Distribution
𝑁𝑙 ∈ R

39 N(0, 0.003𝑥𝑙)
𝑁𝑐 ∈ R39 N(0, 0.003𝑥𝑐)
𝛽1 ∈ R N(0.0209, 0.002)
𝛽2 ∈ R N(18.2429, 2)
𝛽3 ∈ R N(6.729, 0.7)

For the AS-NIPC-AMTC method, we first compute the sparsity ratio of each uncertain input and the results are shown
in Tab. 5. The results show that the parameter uncertain inputs, (𝛽1,𝛽2, 𝛽3) are sparse uncertain inputs with a sparsity
ratio less than 3%. This is because the parameter uncertainties only affect the operations in the acoustic sub-model
whose computational cost takes up only a small amount of the model evaluation. Then the active-subspace method
is only applied with respect to the non-sparse uncertain inputs space which includes only 𝑁𝑙 and 𝑁𝑐. The first seven
eigenvalues are listed in Tab. 4 along with the eigenvalues corresponding to the other two AS methods. From Tab. 4, we
observe that the eigenvalues in the AS-NIPC-AMTC decay more rapidly than the other case, and the active subspace
dimension is chosen as 𝑚 = 5. We followed Alg. 2 and generated the results of the AS-NIPC-AMTC using the same
options of 𝑘 values as the AS-NIPC method.

The convergence plots of the four UQ methods are shown in Fig. 6, visualizing relative error versus function
evaluation cost and another plot versus function evaluation cost plus gradient evaluation cost. The relative error is
computed with respect to the Monte Carlo result using 100,000 sample points. For the Monte Carlo and AS-kriging
methods, since they involve random sampling, their results are computed as the average relative error over 20 runs. In
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Table 4 Normalized eigenvalues (first seven) of the 𝐶 matrix

AS-kriging & AS-NIPC AS-NIPC-AMTC
1.0000 1.0000
0.0661 0.0592
0.0649 0.0381
0.0459 0.0080
0.0346 0.0032
0.0194 0.0004
0.0032 0.0002

Table 5 Sparsity ratio of the uncertain inputs

Uncertain inputs Sparsity ratio
𝑁𝑙 99.31%
𝑁𝑐 99.32%
𝛽1 2.02%
𝛽2 2.03%
𝛽3 2.14%

Fig. 6a, we report function evaluations cost as only the evaluation cost on the quadrature points. This is particularly
useful when we are applying these methods to solve optimization under uncertain problems, as we will only need to
apply the AS-NIPC or AS-NIPC-AMTC method once to generate the PCE basis functions and the quadrature rule. Then
the same quadrature points are used to repeatedly evaluate the model in every optimization with values of the different
design variables. From Fig. 6a we observe that the Monte Carlo method has a higher convergence rate compared with
the three AS methods. The Monte Carlo method outperforms the other methods when we can afford 3000 model
evaluations. This is because when applying the dimension reduction techniques, as we reduce the dimensions of the
problems, we choose to lose some information about the inputs, which will make the dimension reduction-based UQ
methods unable to achieve extremely high accuracy. However, if we assume the model is too computationally expensive
such that we can only afford much fewer function evaluations (e.g. 100 evaluations), the AS-based methods can achieve
a significantly lower relative error compared with the Monte Carlo method. Compared with the AS-kriging method,
both of our proposed methods perform better than the AS-kriging method. For 100 function evaluation cost, the relative
error of the AS-NIPC is at least 30% lower than AS-kriging, while the AS-NIPC-AMTC is at least 80% lower than
AS-kriging. The reason AS-NIPC-AMTC has the best performance is that in the computational graph of the model,
there exist three sparse uncertain inputs such that their dependent nodes only takes around 2% of the computational cost.
In this case, maintaining a tensor structure of the quadrature rule with each of the sparse uncertain inputs is very effective
to use with the AMTC method. Also, by applying the AS method to the uncertain input space excluding the sparse
uncertain inputs, we are able to observe a more rapid decaying rate of the eigenvalues for the 𝐶 matrix as in Tab. 4.
This makes us able to choose a smaller dimension for the active sub-space while getting a more accurate reduced-order
model. In Fig. 6b, we showed the relative error versus the function evaluation cost plus gradient evaluation cost. This
plot is useful to show the efficiency of each method when solving UQ problems. We observe that, with the gradient
evaluation cost taken into account, the AS-based methods still perform better than the Monte Carlo when the total cost
is less than 1000. We also make similar observations comparing three AS-based methods as they all performed the
same number of gradient evaluations when applying the AS method.

V. Conclusion
In this paper, we introduce two UQ methods, AS-NIPC and AS-NIPC-AMTC, for solving high-dimensional UQ

problems. The AS-NIPC method connects the integration-based non-intrusive polynomial chaos method to the active
subspace (AS) method to efficiently generate the PCE basis functions of the active subspace uncertain inputs and the
corresponding quadrature rules to estimate the PCE coefficients. The AS-NIPC-AMTC method extends the AS-NIPC
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(a) Function evaluation cost (b) Function evaluation cost plus gradient evaluation
cost

Fig. 6 Convergence plot of the four UQ methods

method by combining it with the graph transformation method, AMTC, to generate a desired tensor structure of the
quadrature rule, accelerating the model evaluation cost by using AMTC. We apply both methods to a challenging
81-dimensional UQ problem involving a lift-plus-cruise electric air taxi and compare them with the existing methods.
The results show a significant reduction in relative error in the UQ results, particularly when the model evaluation cost
is limited to hundreds or fewer evaluations.

One limitation of this work is that AS-NIPC-AMTC method requires the manual identification of sparse uncertain
inputs and the formation of quadrature points following the manually set-up tensor structure. However, there may
exist better tensor-structure options that are more efficient to use in certain cases. Therefore, future work could
extend the AS-NIPC-AMTC method to automatically select the optimal tensor structure option. Additionally, other
interesting topics for future research include connecting the graph-accelerated NIPC method to other dimension reduction
methods, such as the partial least square method, and investigating the performance of the proposed methods in solving
optimization under uncertain problems.
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