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Optimally tensor-structured quadrature rule for uncertainty
quantification

Bingran Wang∗, Nicholas C. Orndorff†, and John T. Hwang‡

University of California, San Diego, La Jolla, CA, 92093

Non-intrusive polynomial chaos (NIPC) is an efficient method for solving forward uncertainty
quantification (UQ) problems. If using the integration-based approach, NIPC results in multi-
dimensional integration problems that are often solved using the numerical quadrature approach.
For the numerical quadrature rule, the full-grid Gauss quadrature method maintains a fully
tensorial structure of univariate Gauss quadrature rule, and the number of quadrature points
increases exponentially with the number of dimensions, while for the designed quadrature
method, the quadrature rule does not maintain a tensorial structure and the number of
quadrature points increases at a slower rate than the Gauss quadrature method. Recently, a
new method called accelerated tensor-grid evaluations (ATE) was proposed to reduce the cost
of model evaluations on the tensor-grid inputs. The ATE method modifies the computational
graph of the model in the middle-end of a three-stage compiler so that repeated evaluations
on the operation level are eliminated. With ATE, the full-grid NIPC method can be the most
efficient UQ method on problems involving sparse computational graph structures. However,
for many high-dimensional problems, there may exist a partially tensorial structure for the
quadrature rule that is optimal to use with ATE. In this paper, we propose a new method
called optimally tensor-structured quadrature rule. This method is based on the designed
quadrature idea but finds the quadrature rule that has the optimal tensorial structure so
that the cost of model evaluations is minimized while achieving a specific level of accuracy
with the integration method. The proposed method also generates the same quadrature rule
as full-grid Gauss quadrature or designed quadrature method when the optimal tensorial
structure is a fully tensorial or non-tensorial structure, respectively. This method has been
tested on a 4D uncertainty quantification problem that involves a low-fidelity multi-disciplinary
model of a laser-beam powered UAV. On this problem, the NIPC method using the optimally
tensor-structured quadrature points with ATE is at least 50% more efficient than the existing
UQ methods we compared with, while achieving the same level of accuracy.

I. Introduction

Uncertainty quantification (UQ) is a broad research area that focuses on quantifying uncertainties, reducing
uncertainties, and predicting the response uncertainties in both computational and real-world applications. In

engineering, many design and simulation problems are subject to uncertainties and the applications of UQ can be found
in many disciplines such as fluids [1, 2], structures [3, 4], control [5], hydrology [6, 7], and machine learning [8]. UQ
problems can be broadly divided into two categories: forward problems and inverse problems. The forward UQ problem
is an uncertainty propagation problem in which we want to determine the response uncertainties when we are given the
probability distributions for uncertain inputs to the model. For the inverse problems, we are often given the observation
data for the model responses and the problem is to determine the uncertainties in the parameters or inputs so that the
model responses best match the observation data.

In this paper, we consider using non-intrusive UQ methods to solve uncertainty propagation problems. One
particularly efficient method is the non-intrusive polynomial chaos (NIPC) method. The NIPC method approximates the
model response as a linear combination of the polynomial chaos expansion (PCE) basis functions which are determined
based on the distributions of the random inputs. The coefficients for PCE basis functions can be determined by using
the integration or regression approach. The integration approach projects the model response onto each basis and
uses the orthogonality of the basis functions to extract each PCE coefficient. This results in a multi-dimensional
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integration problem. The integration problems can be solved by using the full-grid Gauss quadrature or the designed
quadrature method. The full-grid Gauss quadrature method formulates the quadrature rule in a tensor product of
univariate quadrature rules. This approach is easy to use but the number of quadrature points increases exponentially
with the number of dimensions. The designed quadrature method solves an optimization problem to find approximate
solutions of the moment-matching equations. The designed quadrature method does not maintain a tensorial structure
for the quadrature points and the number of quadrature points increases at a much slower rate than the full-grid Gauss
quadrature rule.

A method called accelerated tensor-grid evaluations (ATE) was proposed recently to reduce the model evaluation
cost on tensor-grid inputs. This method takes advantage of the tensor-structured inputs and eliminates the repeated
evaluations on the operation level by modifying the computational graph from the middle-end of a three-stage compiler
for the mathematical model description. The ATE method works well with the full-grid Gauss quadrature approach and
can significantly reduce its model evaluation cost for problems with sparse computational graph structures. With the
ATE method, the model evaluation cost on the quadrature rule is no longer only related to the number of quadrature
points. The cost now depends on the graph structure of the computational model, the tensorial structure of quadrature
points, and the number of quadrature points in each dimension. However, there is no method that determines the optimal
quadrature rule when the ATE method is available.

In this paper, we propose a new method to determine the quadrature rule with the optimal tensorial structure so that
the cost of model evaluations is minimized while achieving a given level of accuracy for the integration problem. In the
cases when the non-tensorial structure or the fully tensorial structure is the optimal tensorial structure, our method
generates the same quadrature rule as the full-grid Gauss quadrature or the designed quadrature rule, respectively. This
method is applied to an UQ problem that involves a low-fidelity multidisciplinary model describing a laser-beam-powered
UAV. For this problem, our method finds a quadrature rule that has a partially tensorial structure. This quadrature rule is
used with NIPC method for the UQ problem, and it requires at least 50% less of model evaluation cost than the other
UQ methods to achieve the same level of accuracy on the UQ result.

This paper is organized as follows. In Section II, we give some background on the uncertainty propagation problems,
polynomial chaos theory, the NIPC method and the ATE method. In Section III, we show the motivation of this work.
In Section IV, we present the algorithm of a new method called optimally tensor-structured quadrature rule. In Section
V, we show the numerical results of a 4D UQ problem involves a laser-beam powered UAV. The conclusion is made in
Section VI.

II. Background

A. Uncertainty propagation
The forward uncertainty quantification problem aims to propagate uncertain inputs through the computational model

and determine their effects on the quantity of interest (QoI). The uncertainties in the inputs can be broadly divided
into two categories: aleatoric uncertainties and epistemic uncertainties. Aleatoric uncertainties are also known as
irreducible uncertainties as they are inherent to the system and cannot be avoided. For example, variations in the
operating conditions, mission requirements, and model parameters are aleatoric uncertainties, and they usually can
be defined in a probabilistic framework. Epistemic uncertainties are reducible uncertainties as they typically come
from the lack of knowledge by the engineers. For example, the errors that come from the approximations used in the
computational model and the errors associated with the numerical solution methods are epistemic uncertainties, and
they are difficult to be defined in a probabilistic framework. In this paper, we consider an uncertainty propagation
problem within the probabilistic formalism in which the uncertain inputs are continuous random variables with known
probability density distributions. In this problem, we assume the QoI becomes a continuous random variable, which can
be characterized by its statistical moments like expectation and standard deviation. Other quantities like the probability
of failure, conditional value at risk (CVaR), or the probability density distribution of the QoI can also be the objective of
the uncertainty propagation problem.

The uncertainty propagation problem is also an essential sub-problem in the optimization under uncertainty
(OUU) [9] problems. OUU problems incorporate the uncertainties into the optimization problems so that the optimized
design is more robust and reliable in the presence of variability in the conditions and parameters. For a deterministic
engineering design optimization problem, the optimizer optimizes an objective function with respect to the design
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Fig. 1 Typical computational framework for optimization under uncertainties

variables subject to constraints, and a standard form is:

min
𝑥

F (𝑥)

s.t. C(𝑥) < 0,
(1)

where 𝑥 is the vector of design variables, F is the objective function and C is the vector-valued constraint function.
In OUU problems, it is possible that the output of both objective and constraint functions become random variables.
Depending on the ways of treating the constraints, OUU problems can be broadly divided into two categories: robust
design optimization (RDO) [10, 11] and reliability-based design optimization (RBDO) [12]. The RDO problems
consider the effects of uncertainty in the objective and constraints through statistical moments, e.g., mean plus standard
deviation. On the other hand, the RBDO problems add probabilistic constraints based on the probability of failure. A
standard form for RDO is:

min
𝑥

M(𝑥) := E[F (𝑥,𝑈)] + 𝛼1S[F (𝑥,𝑈)]

s.t. N(𝑥) := E[C(𝑥,𝑈)] + 𝛼2S[C(𝑥,𝑈)] < 0,
(2)

where 𝑈 are the uncertain inputs ; M and N are the new objective and constraint functions respectively that consist of
the statistical moments of the original functions, while 𝛼1 and 𝛼2 are the corresponding tunable parameters. A standard
form for RBDO is:

min
𝑥

M(𝑥) := E[F (𝑥,𝑈)] + 𝛼S[F (𝑥,𝑈)]

s.t. N(𝑥) := P[C(𝑥,𝑈) < 0] > 𝑝,
(3)

where P[·] is the probability of the statement being true, and 𝑝 is the reliability constraint vector. The computational
framework for solving the OUU problems typically involves two nested for-loops of a UQ solver inside an optimizer, a
demonstration of which is shown in Fig. 1. Under this framework, at each optimization iteration, we are solving an
uncertainty propagation problem to calculate the objective and constraint function, and also its derivatives if we are
using a gradient-based optimizer. In this case, the scalability and the accuracy of the UQ method is extremely crucial
for solving the large-scale OUU problems.

To solve the uncertainty propagation problems, common non-intrusive methods include the method of moments,
polynomial chaos, and Monte Carlo. The method of moments uses the evaluations of the QoI and its derivatives at a
fixed point to construct a Taylor series approximation of the QoI with respect to the uncertain inputs. The statistical
moments of the QoI can be analytically calculated from the Taylor series approximation, and the cost of this method can
be as cheap as two model evaluations [13] if using the adjoint method to compute the derivatives. However, this method
can only compute the QoI’s statistical moments and may lack accuracy when the variance of the uncertain inputs is
significant. The Monte Carlo method randomly samples the space of uncertain inputs and uses the QoI evaluations at
all of the sample points to compute the desired quantities of the QoI. This method is intuitive and easy to implement,
and due to the law of large numbers, the convergence rate is independent of the number of certain inputs. However,
the Monte Carlo method generally exhibits slow convergence and is commonly used for large-scale UQ problems and
with multi-fidelity methods as in [14] and [15]. The polynomial chaos method represents the QoI using the orthogonal
polynomials. It exploits the smoothness in the random space to construct sampling or solution techniques with a fast
convergence rate for UQ problems. Common polynomial chaos-based methods include non-intrusive polynomial
chaos [16–18] and stochastic collocation methods [19, 20].
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B. Polynomial chaos
Polynomial chaos or polynomial chaos expansion (PCE) dates back to Wiener, who used Hermite polynomials to

construct a physical theory for Gaussian random processes [21]. Ghanem extended this idea to use Hermite polynomials
as orthogonal basis to represent the random processes [22]. However, this method suffers from convergence issues for
problems with non-Gaussian uncertain inputs. This difficulty is solved by Xiu and Karniadakis in [23], by proposing the
generalized polynomial chaos (gPC) method. The gPC method uses different orthogonal polynomials for uncertain
inputs with different distributions to achieve optimal convergence for the UQ problem.

Consider an uncertainty propagation problem:

𝐹 = F (𝑈), (4)

where 𝑈 = (𝑈1, . . . ,𝑈𝑑) ∈ R
𝑑 are a set of mutually independent random variables with probability density distributions

𝜌(𝑢) and support Γ, 𝐹 ∈ R is the QoI we are interested and F : R𝑑 → R is the model evaluation function. Using the
gPC method, the QoI can be represented as a linear combination of orthogonal polynomials as

𝐹 (𝑈) =
∞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈), (5)

where Φ𝑖 are the PCE basis functions, and 𝛼𝑖 are the corresponding PCE coefficients. In practice, 5 is typically truncated
to polynomials order up to 𝑝, resulting into 𝑞 PCE terms:

𝐹 (𝑈) ≈
𝑞∑︁
𝑖=0

𝛼𝑖Φ𝑖 (𝑈), (6)

with
𝑞 + 1 =

(𝑑 + 𝑝)!
𝑑!𝑝!

. (7)

The PCE basis functions satisfy the orthogonal property as〈
Φ𝑖 (𝑈),Φ 𝑗 (𝑈)

〉
= 0, if 𝑖 ≠ 𝑗 , (8)

where the inner product is defined as 〈
Φ𝑖 (𝑈),Φ 𝑗 (𝑈)

〉
=

∫
Γ

Φ𝑖 (𝑢)Φ 𝑗 (𝑢)𝜌(𝑢)𝑑𝑢. (9)

In the one-dimensional case, the PCE basis functions are nivariate orthogonal polynomials that are chosen based on the
distribution of the uncertain input. For common types of continuous random variables, their corresponding polynomials
and support ranges are shown in Table 1. In multi-dimensional cases, the PCE basis functions are the tensor products of
the univariate orthogonal polynomials. For example, for case with two uncertain inputs, the first six PCE basis functions
are

Φ0 (𝑈) = 𝜙0 (𝑈1)𝜙0 (𝑈2)
Φ1 (𝑈) = 𝜙1 (𝑈1)𝜙0 (𝑈2)
Φ2 (𝑈) = 𝜙0 (𝑈1)𝜙1 (𝑈2)
Φ3 (𝑈) = 𝜙2 (𝑈1)𝜙0 (𝑈2)
Φ4 (𝑈) = 𝜙1 (𝑈1)𝜙1 (𝑈2)
Φ5 (𝑈) = 𝜙0 (𝑈1)𝜙2 (𝑈2),

where 𝜙𝑖 (𝑈 𝑗 ) is the 𝑖-th univariate orthogonal polynomial that correspond to the 𝑗-th uncertain input. The support
range for them is Γ = Γ1 × Γ2, where Γ𝑖 is the support of 𝜌(𝑢𝑖). If the uncertain inputs are dependent, the PCE basis
functions can be numerically generated based on the joint probability distribution of the uncertain inputs [24].

With the gPC model in 6, the statistical moments of the QoI can be analytically computed as

𝜇 𝑓 = 𝛼0, (10)

𝜎 𝑓 =

𝑑∑︁
𝑖=0

𝛼
2
𝑖

〈
Φ

2
𝑖

〉
. (11)

For other risk measures like probability of failure or CVaR, the gPC model can be used as a cheap-to-evaluate surrogate
model and one can apply sampling methods on it to approximate the target risk measure.
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Table 1 Orthogonal polynomials for common types of continuous random variables

Distribution Orthogonal polynomials Support range

Normal Hermite (−∞,∞)
Uniform Legendre [−1, 1]

Exponential Laguerre [0,∞)
Beta Jacobi (−1, 1)

Gamma Generalized Laguerre [0,∞)

C. Non-intrusive polynomial chaos
The non-intrusive polynomial chaos method solves the PCE coefficients 𝛼𝑖 in (6) by using the integration or

regression approach. The integration approach makes use of the orthogonal property in (8) and projects the QoI onto
each basis function, which results in an integration problem as

𝛼𝑖 =

〈
𝐹 (𝑈),Φ 𝑗

〉〈
Φ

2
𝑖

〉
=

1〈
Φ

2
𝑖

〉 ∫
Γ

𝑓 (𝑢)Φ𝑖 (𝑢)𝜌(𝑢)𝑑𝑢

=
1〈
Φ

2
𝑖

〉 ∫
Γ1

. . .

∫
Γ𝑑

𝑓 (𝑢1, . . . , 𝑢𝑛)Φ𝑖 (𝑢1, . . . , 𝑢𝑛)𝜌(𝑢1, . . . , 𝑢𝑛)𝑑𝑢1 . . . 𝑑𝑢𝑛.

(12)

The regression approach computes the PCE coefficients by solving a linear least-squares problem as
Φ1 (𝑢

(1) ) . . . Φ𝑞 (𝑢
(1) )

...
...

Φ1 (𝑢
(𝑛) ) . . . Φ𝑞 (𝑢

(𝑛) )



𝛼1
...

𝛼𝑞

 =

𝑓 (𝑢 (1) )

...

𝑓 (𝑢 (𝑛) )

 , (13)

where (𝑢 (1)
, . . . , 𝑢

(𝑛) ) represents a set of 𝑛 number of sample points generated from the distributions of the uncertain
inputs. The rule of thumb is that the number of samples 𝑛 needs to be 2-3 times the number of coefficients. This
means the cost of the regression-based NIPC method can be reduced by using the sparse PCE basis, resulting in fewer
coefficients to be estimated. A recent review paper for sparse PCE is presented in [25]. In [26], Eldred and Burkardt
showed that for UQ problems with a small number of uncertain inputs, integration-based NIPC and regression-based
NIPC methods have similar performance, and they both demonstrate significantly higher convergence rates than the
Monte Carlo method.

D. Numerical quadrature
This paper mainly considers using the integration-based NIPC method to solve multi-dimensional UQ problems.

In this case, the integration-based NIPC method essentially solves the integration problems as in (12). We write the
integration problem as

𝐼 ( 𝑓 ) =
∫
Γ

𝑓 (𝑢)𝜌(𝑢)𝑑𝑢,

where 𝑢 = (𝑢1, . . . , 𝑢𝑑) ∈ R
𝑑 . This integration problem is often solved by using the numerical quadrature approach,

which approximates the integral as the weighted sum of function evaluations at certain input points:

𝐼 ( 𝑓 ) ≈
𝑛∑︁
𝑖=1

𝑤
(𝑖)

𝑓 (𝑢 (𝑖) ), (14)

where 𝑢 (𝑖) ∈ Γ and 𝑤
(𝑖)

> 0 are the nodes and weights, respectively, that are to be determined by the quadrature rule.
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The goal of the quadrature rule is to accurately approximate a large set of functions with a small number of function
evaluations. This is typically achieved by enforcing the equality conditions for all of the functions 𝑓 in a subspace Π of
polynomials as ∫

Γ

𝑓 (𝑢)𝜌(𝑢)𝑑𝑢 =

𝑛∑︁
𝑖=1

𝑤
(𝑖)

𝑓 (𝑢 (𝑖) ) for all 𝑓 ∈ Π𝑟 . (15)

We consider the cross-polynomial subspace with the total polynomial order of 𝑟 , which is defined as

Π𝑟 = span{𝑢𝛼 | 𝛼 ∈ Λ𝑟 }, (16)

where

𝛼 = (𝛼1, . . . , 𝛼𝑑), 𝑢
𝛼
=

𝑑∏
𝑗=1

(𝑢 𝑗 )
𝛼𝑗 (17)

and

Λ𝑟 =

{
𝛼 |

𝑑∑︁
𝑖=1

𝛼𝑖 ≤ 𝑟

}
. (18)

In many integration problems, the evaluation functions are smooth and can be well approximated by the polynomials
within the cross-polynomial subspace. In this case, the quadrature rule that enforces (15) can be very effective.

1. Gauss quadrature rule
One way to generate the quadrature points is to use the Gauss quadrature rule [27]. In one-dimensional case, the

quadrature points 𝑢
(1)
, . . . , 𝑢

(𝑘) are the roots of the orthogonal polynomial 𝑝𝑘 (𝑢) with degree 𝑘 . The orthogonal
polynomials here are defined in the same way as the PCE basis functions and they also satisfy the orthogonal properties
as 〈

𝑝𝑖 , 𝑝 𝑗

〉
=

∫
Γ

𝑝𝑖 (𝑢)𝑝 𝑗 (𝑢)𝜌(𝑢)𝑑𝑢 = 0, if 𝑖 ≠ 𝑗 . (19)

The weights of the Gauss quadrature rule, 𝑤 (1)
, . . . , 𝑤

(𝑘) can be computed by solving the moment matching equations:

𝑘∑︁
𝑖=1

𝑝 𝑗

(
𝑢
(𝑖)
)
𝑤

(𝑖)
=

{ √︁
𝑏0 if 𝑗 = 0

0 for 𝑗 = 1, . . . , 𝑘 − 1,
(20)

where
𝑏0 =

〈
𝑝0, 𝑝0

〉
. (21)

The univariate Gauss quadrature rule with 𝑘 number of nodes and weights can exactly integrate the univariate polynomials
up to 2𝑘 − 1 degrees.

For multi-dimensional integrations, the Gauss quadrature rule extends the univariate rule to a tensor structure,
assuming using the 𝑘 number of quadrature points in each dimension, the integral is approximated as

𝐼 ≈
𝑘∑︁

𝑖1=0
. . .

𝑘∑︁
𝑖𝑑=0

𝑤
(𝑖1)
1 . . . 𝑤

(𝑖𝑑)
𝑑

𝑓 (𝑢 (𝑖1)
1 , . . . , 𝑢

(𝑖𝑑)
𝑑

)𝜌(𝑢 (𝑖1)
1 , . . . , 𝑢

(𝑖𝑑)
𝑛 ), (22)

where (𝑢 (1)
𝑖

, . . . , 𝑢
(𝑘)
𝑖

) and (𝑤 (1)
𝑖

, . . . , 𝑤
(𝑘)
𝑖

) are the nodes and weights for the 1D Gauss quadrature rule in the 𝑢𝑖
dimension, respectively. In this way, the quadrature rule can still exactly integrate the cross-polynomials with total
order up to 2𝑘 − 1. However, this approach suffers from the curse of dimensionality, as it requires function evaluations
on the full-grid quadrature points and the total number of quadrature points increases exponentially as the number of
dimensions, 𝑛 = 𝑘

𝑑 . We represent the full-grid quadrature points as

𝒖 = 𝒖𝑘
𝑑 × · · · × 𝒖𝑘

1 , (23)

where
𝒖𝑘
𝑖 := {𝑢 ( 𝑗)

𝑖
}𝑘𝑗=1. (24)
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To mitigate the curse of dimensionality the Gauss quadrature rule suffers from, we may use the Smolyak sparse grid
method [28]. This method drops the higher-order cross terms in the full-grid Gauss quadrature points to reduce the
number of quadrature points while maintaining minimal loss on the accuracy of the quadrature rule. The sparse grid
quadrature points can be expressed as:

𝒖 =
⋃

ℓ−𝑑+1≤ |i | ≤ℓ

(
𝒖
𝑖1
1 × · · · × 𝒖

𝑖𝑛
𝑑

)
, (25)

where ℓ is the level of construction.

2. Designed quadrature rule
A more effective quadrature rule for high-dimensional integration problems is to use the designed quadrature method

which was proposed by Keshavarzzadeh et al. [29]. The core idea of the designed quadrature method is to find the nodes
and weights that satisfy the multi-variate moment matching equations, which are defined as

𝑛∑︁
𝑖=1

𝜋𝛼

(
𝑢
(𝑖)
)
𝑤

(𝑖)
=

{ √︁
𝑏0 if 𝛼 = 0

0 for 𝛼 ∈ Λ𝑘 \ 0,
(26)

where

𝜋𝛼 =

𝑑∏
𝑖=1

𝑝
(𝑖)
𝛼𝑖
(𝑢𝑖) (27)

and 𝑝
(𝑖)
𝑗

is the 𝑗-th orthogonal polynomials in the 𝑢𝑖 dimension. If the nodes and weights of the quadrature rule satisfy
the equations in (26), then the quadrature rules can exactly integrate cross-term polynomials up to the order of (2𝑘 − 1).

We denote the quadrature points and the weights as 𝒖 := (𝑢 (1)
, . . . , 𝑢

(𝑛) ) and the weights 𝒘 := (𝑤 (1)
, . . . , 𝑤

(𝑛) )
respectively. Then, the moment matching equations in (26) can be written as residual equations:

R(𝒖, 𝒘) = 0, (28)

where R : R𝑑×𝑛 × R𝑛 → R𝑛.
The designed quadrature method approximates the solution of the moment matching equations by solving an

optimization problem formulated as

min
𝒖,𝒘

∥𝑟 ∥2

subject to 𝑢
( 𝑗) ∈ Γ, 𝑗 = 1, . . . , 𝑛,

𝑤
( 𝑗)

> 0, 𝑗 = 1, . . . , 𝑛,

(29)

in which it minimizes the norm of the residual equations and constrains the nodes to be within the support range and
weights to be positive. This method has been tested to be more effective than the spars-grid Gauss quadrature rule for
many high-dimensional integration problems, and the number of quadrature points required is chosen as 𝑛 = 𝜂

(2𝑑)𝑘−1

(𝑘−1)! ,
where 𝜂 ∈ [0.5, 0.9] is a tuning parameter.

E. Accelerated tensor-grid evaluations
Recently, a new method called accelerated tensor-grid evaluations (ATE) was proposed in [30]. The ATE method

acts as a middle-end algorithm to modify the computational graph so that the model evaluation cost on the tensor-grid
inputs can be reduced, this method has been implemented in a new modeling language called the Computational System
Design Language (CSDL) [31]. The ATE method takes advantage of the tensor structure of the quadrature points and
reduces the evaluation cost on the operation level. For example, if we want to evaluate a model on the full-grid Gauss
quadrature points as in (23), there is a total of 𝑘𝑑 number of quadrature points, but for each input dimension, there
are only 𝑘 distinct values. In this case, when we view the model as a computational graph of elementary functions
and operations, the output of each elementary operation or function only has distinct values on the quadrature points
within the space of the dependent inputs (the inputs that the output is dependent on). The ATE method modifies the
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(a) Computational graph before
applying ATE

(b) Computational graph after
applying ATE

Fig. 2 Computational graphs with data size for full-grid quadrature points evaluations on 𝑓 = 𝑐𝑜𝑠(𝑢1)+𝑒𝑥𝑝(−𝑢2)

computational graph so that each operation only performs evaluation on the distinct values by using the dependency
information of the graph. For example, for a simple function

𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2), (30)

suppose we need to evaluate this function on full-grid quadrature points with 𝑘1 and 𝑘2 number of points in 𝑢1 and 𝑢2
dimensions, respectively. The quadrature points are given as

𝒖 =


(𝑢 (1)

1 , 𝑢
(1)
2 ) . . . (𝑢 (𝑘1)

1 , 𝑢
(1)
2 )

...
. . .

...

(𝑢 (1)
1 , 𝑢

(𝑘2)
2 ) . . . (𝑢 (𝑘1)

1 , 𝑢
(𝑘2)
2 )

 . (31)

In Fig.2 we show the computational graphs before and after applying the ATE method for these function evaluations. In
this case, after applying the ATE method, we are evaluating the 𝜉1, 𝜉2 and 𝜉3 for fewer number times as they are only
dependent on 𝑢1 or 𝑢2, and two Einstein summation nodes are added to the graph so that the data size matches between
operations. The ATE method can significantly accelerate the model evaluation cost of the full-grid NIPC method on
some multi-disciplinary and multi-point UQ problems, and in these cases, the full-grid NIPC with ATE can be the most
efficient UQ approach.
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III. Motivation
If we do not use the ATE method to accelerate the model evaluations, the quadrature rule with 𝑛 quadrature points

simply evaluates the entire model 𝑛 times. If we assume the model evaluation cost on each quadrature point is roughly
the same, the total evaluation cost can be approximated as:

Cost ≈ 𝑛𝑂 (F (𝑢)) , (32)

where 𝑂 (·) is the evaluation cost of a function or an operation. In this situation, the only way to reduce the model
evaluation cost of NIPC is to reduce the number of quadrature points, 𝑛. For integration problems, the full-grid
Gauss quadrature rule requires 𝑛 = 𝑘

𝑑 quadrature points to exactly integrate the polynomials up to (2𝑘 − 1) th order.
For the designed quadrature method, it requires 𝑛 = 𝜂

(2𝑑)𝑘−1

(𝑘−1)! quadrature points that can highly accurately integrate
polynomials up to the same order. The designed quadrature method vastly outperforms the full-grid Gauss quadrature in
multi-dimensional problems, as the required number of quadrature points of designed quadrature increases at a much
lower rate with the number of dimensions than the full-grid Gauss quadrature rule.

If we use the ATE method to accelerate the model evaluations, for many UQ problems, the model evaluations on the
full-grid Gauss quadrature method can be greatly reduced without reducing 𝑛. The performance of the ATE method
depends on the sparsity of the uncertain inputs in the computational graph. Here, we refer to sparsity as the portion of
operations that are dependent on uncertain inputs. For example, if most of the operations in the computational graph
are dependent on an uncertain input, we call this uncertain input a dense uncertain input in the computational graph.
Now, we have two efficient quadrature rules to use for the integration-based NIPC method. On one side, we have the
full-grid quadrature rule, which maintains a fully tensorial structure for the quadrature points. Although the number
of quadrature points increases exponentially with the dimensions, its tensorial structure can be utilized by the ATE
method and the evaluation cost can be greatly reduced for computational models with sparse uncertain inputs in its
computational graphs. On the other side, we have the designed quadrature rule. This method maintains a non-tensorial
structure for the quadrature points, meaning the model evaluations cannot be accelerated by the ATE method. However,
the number of quadrature points in the designed quadrature rule is often smaller than the full-grid Gauss quadrature rule,
making it the more efficient approach when most of the uncertain inputs are dense in the computational graph.

The motivation of this work is that, for some computational models, when the ATE method is available, there may
exist a partially tensorial structure that is more efficient to use than the fully tensorial and non-tensorial structures, but
there is no method to determine if such a sturcture exists. In many UQ problems with a medium or large number of
uncertain inputs, one typically has some sparse uncertain inputs in the computational graph, while the other uncertain
inputs are dense. In this case, neither the full-grid Gauss quadrature rule nor the designed quadrature rule would be
the optimal choice to use in the NIPC method. The intuition is that, for the space of dense inputs, there is no need to
maintain a tensorial structure and we can use the designed quadrature method which results in fewer quadrature points
while ensuring the same level of accuracy. For the space of sparse inputs, we want to maintain a tensorial structure
between them, so that their sparsity in the computational graph can be taken advantage of by the ATE method. As a
result, for certain UQ problems with complex models, there may exist a set of partially tensor-structured quadrature
rules that achieves the same level of accuracy but results in the lowest model evaluation cost when ATE is available.

IV. Methodology
The objective of this paper is to propose a method to find the optimal tensorial structure and determine the quadrature

points given a computational graph of the model, so that the model evaluation cost is minimized while maintaining the
same level of accuracy of the quadrature rule. For a quadrature rule, we use the maximum order of polynomials that the
quadrature rule can accurately integrate as a measure of accuracy. For the same level of accuracy, if we maintain a
non-tensorial structure for the quadrature points, the optimal method is the designed quadrature method. In this case, we
write the quadrature points as

𝒖 = 𝒖𝑛
{1,...,𝑑 } . (33)

The nodes and weights in the designed quadrature method are determined at the same time by solving the optimization
problem in (29), and the number of quadrature points is chosen as

𝑛 = 𝜂
(2𝑑)𝑘−1

(𝑘 − 1)! , 𝜂 ∈ [0.5, 0.9] . (34)

The designed quadrature rule can accurately integrate polynomials up to (2𝑘 − 1) th order.
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If we maintain a fully tensorial structure for the quadrature points, the optimal method is the full-grid Gauss
quadrature method in which we write the quadrature points as

𝒖 = 𝒖𝑘
{1} × · · · × 𝒖𝑘

{𝑑 }, (35)

where 𝒖𝑘
{𝑖 } are the the 1D Gauss quadrature points in 𝑢𝑖 dimension. The sets of 1D Gauss quadrature points in each

dimension are determined separately so that the nodes and weights can exactly integrate the univariate polynomials up
to (2𝑘 − 1) th order. By maintaining a fully tensorial structure of the 1D Gauss quadrature points and weights, the
full-grid quadrature rule can exactly integrate cross-polynomials up to (2𝑘 − 1) th order, but it requires

𝑛 = 𝑘
𝑑 (36)

number of quadrature points. In fact, in each dimension, the 1D Gauss quadrature points and weights correspond to
global minimum of the optimization problem in (29). If we assume the optimization problem in (29) always finds the
global minimum, applying the full-grid Gauss quadrature rule is equivalent to applying the designed quadrature rule
using 𝑘 points in each dimension and then formulating a fully tensorial structure between the 1D solutions.

We can also maintain a partially tensorial structure for the quadrature points and make sure the quadrature rule
accurately integrates all of the polynomials to a certain order. For example, for a 4D integration problem, we can
maintain a partially tensorial structure like

𝒖 = 𝒖
𝑛1
{1,2} × 𝒖

𝑛2
{3,4}, (37)

in which we maintain a tensorial structure between the space of 𝑢1, 𝑢2 and the space of 𝑢3, 𝑢4. If the quadrature points
in each space are chosen such that the quadrature points can accurately integrate polynomials up the same order like
(2𝑘 − 1), then the partially tensorial quadrature rule can accurately integrate the polynomials to the same order in the
space of 𝑢. In fact, the number of combinations of tensorial structures for the quadrature points can be represented by
the Bell number from combinatorial mathematics, which can be written as

𝐵𝑑 =

𝑑∑︁
𝑖=0

{
𝑖

𝑑

}
. (38)

For example, for 𝑑 = 3, 𝐵3 = 5 and the five options of the tensorial structure are:

𝒖 = 𝒖𝑛
{1,2,3},

𝒖 = 𝒖
𝑛1
{1,2} × 𝒖

𝑛2
{3},

𝒖 = 𝒖
𝑛1
{1,3} × 𝒖

𝑛2
{2},

𝒖 = 𝒖
𝑛1
{2,3} × 𝒖

𝑛2
{1},

𝒖 = 𝒖
𝑛1
{1} × 𝒖

𝑛2
{2} × 𝒖

𝑛3
{3} .

(39)

Once we generate all of the tensorial structure options for quadrature points, we need to decide on the required number
of quadrature points for each option so that the quadrature rule can achieve a specific level of accuracy. In our method,
for a specific tensorial structure of the quadrature rule, we apply the designed quadrature method in each space to solve
for the nodes and weights such that they can accurately integrate the polynomials in that space up to an order, e.g.
(2𝑘 − 1). The number of quadrature points used in the original designed quadrature method is in (34). This number
is only practical for high-dimensional integration problems, but in our method, we will often face a low-dimensional
space to apply the designed quadrature method. In our method, to achieve 𝑘 level of accuracy (accurately integrate
polynomials up to (2𝑘 − 1) th order in the integration space), we choose the number of designed quadrature points to be

𝑛 =

{
𝑘
𝑑

𝑑! for 𝑑 ≤ 2
0.9 (2𝑑)𝑘−1

(𝑘−1)! for 𝑑 > 2,
(40)

where for dimension greater than two, we use the same rule as in (34) with 𝜂 = 0.9, while for 1D and 2D case, we
choose the number as 𝑛 = 𝑘

𝑑

𝑑! . In this way, in the 1D space, it chooses 𝑘 quadrature points to achieve 𝑘 level of accuracy,
which matches the Gauss quadrature rule. Therefore, for the 1D space, we can avoid solving the optimization problem
and use the 1D Gauss quadrature rule, as they are the exact solution of the designed quadrature method.
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Table 2 Operations dependency information for function 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2)

𝐷 (𝜑𝑖 , 𝑢 𝑗 ) 𝑢1 𝑢2

𝜑1 1 0
𝜑2 0 1
𝜑3 0 1
𝜑4 1 1

After determining the number of points for each tensorial structure option, we need to predict the evaluation cost for
each option with the ATE method. To predict that, we need the dependency and cost information of each operation
in the computational graph. Note that the way ATE method works is to only evaluate on the distinct values for each
operation, and this number of distinct values is dependent on the distinct values in the space of the dependent random
inputs (the random inputs that the operation is dependent on). For a computational model 𝑓 = F (𝑢), we represent the
data and operations nodes as 𝜉𝑖 and 𝜑 𝑗 , respectively, with 𝑙 number of operations in the computational graph. For
example, for the function

𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2), (41)

the computational graph of it can be described as

𝜉1 = 𝜑1 (𝑢1) = 𝑐𝑜𝑠(𝑢1);
𝜉2 = 𝜑2 (𝑢2) = −𝑢2;
𝜉3 = 𝜑3 (𝜉2) = 𝑒𝑥𝑝(𝜉2);
𝑓 = 𝜑4 (𝜉2, 𝜉3) = 𝜉2 + 𝜉3,

(42)

with 𝑙 = 4 number of operations. From the computational graph, we generate the dependency information which
stores whether the output of one operation is dependent on one input as a binary number, written as 𝐷 (𝜑𝑖 , 𝑢 𝑗 ). The
dependency information can be viewed in a matrix. For example, the dependency matrix of the function (41) is shown
in Tab. 2. We also need to store the information for each operation’s evaluation cost on one quadrature point, this
information can be represented either by using the total flops of that operation or the evaluation time. With all of this
information, we can estimate the evaluation cost of each tensorial structure for the quadrature rule to achieve 𝑘-level
of accuracy. For the non-tensorial structure, there is hardly any repeated evaluation that can be reduced by the ATE
method. If we assume the operations’ cost on all of the quadrature points is roughly the same, the total model evaluation
cost can be approximated as:

Cost ≈ 𝑛𝑂

(
F (𝑢 (1) )

)
≈ 𝑛

𝑙∑︁
𝑖=1

𝑂 (𝜑𝑖), (43)

where 𝑛 is chosen as in (40). If we maintain a full-grid structure with 𝑘 quadrature points in each dimension, the
evaluation cost without the ATE method is

Cost ≈ 𝑘
𝑑
𝑂

(
F (𝑢 (1) )

)
≈ 𝑘

𝑑
𝑙∑︁

𝑖=1
𝑂 (𝜑𝑖). (44)

However, with the ATE method, each operation in the graph is evaluated only for distinct values. In the full-grid case, if
the output of an operation is dependent on 𝑑 number of uncertain inputs, there are only 𝑘

𝑑 quadrature points in that
space, and that operation will be evaluated for 𝑘𝑑 number of times in the ATE method. In this case, we omit the cost
of the Einstein summation nodes added to the computational graph by the ATE method, the evaluation cost can be
estimated as

Cost ≈
𝑙∑︁

𝑖=1
𝑘
∑𝑑

𝑗=1 𝐷 (𝜑𝑖 ,𝑢 𝑗 )𝑂 (𝜑𝑖). (45)

Using the same idea, we can also estimate the model evaluation cost for any tensorial structure option of the quadrature
points. For example, if we have a partially tensorial structure for the quadrature points, such as

𝒖 = 𝒖
𝑛1
{1,2} × 𝒖

𝑛2
{3} . (46)
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In our method, the 𝑛1 and 𝑛2 are chosen from (40) with 𝑑 = 1 and 𝑑 = 2 respectively. In this case, there are 𝑛1 quadrature
points in the space of 𝑢1 and 𝑢2, and the 𝑛2 quadrature points in the space of 𝑢3. With the ATE method, for the operations
that are dependent on only 𝑢1, only 𝑢2 or only 𝑢1 and 𝑢2, they will be evaluated 𝑛1 times. Operations dependent on only
𝑢3, will be evaluated 𝑛2 times. Operations not dependent on any input are evaluated once. The rest of the operations are
evaluated 𝑛1𝑛2 times. The model evaluation’s cost for this tensor-structured quadrature rule can be estimated as

Cost ≈
𝑙∑︁

𝑖=1
𝑛
𝐷 (𝜑𝑖 ,𝑢1)𝐷 (𝜑𝑖 ,𝑢2)
1 𝑛

𝐷 (𝜑𝑖 ,𝑢3)
2 𝑂 (𝜑𝑖). (47)

Our method is described in Alg.1. Given the computational graph of the model in the integration problem and
a specific level of accuracy for the quadrature rule, 𝑘 . We first generate the dependency information for all of the
operations and evaluate the model on one input point to store the evaluation time for each operation. For the integration
problem, we generate all of the tensorial structure options for the quadrature rule and compute the required number of
quadrature points for each option. Then we estimate the model evaluation cost of each option when using the ATE
method. The optimal tensorial structure option is chosen to have the lowest estimated evaluation cost. For the optimal
tensorial structure chosen, we use the designed quadrature method to compute the nodes and weights in each space to
achieve the 𝑘 level of accuracy. For the 1D space, we directly use the 1D Gauss quadrature rule as they are the exact
solutions of the designed quadrature method in 1d. We then formulate the quadrature rule for the whole input space
using the optimal tensorial structure. Subsequently, we evaluate the computational model on the quadrature points we
computed and we use the ATE method to reduce the model evaluation cost. Finally, the integral is computed using the
model evaluations on the quadrature points and the weights from the quadrature rule.

For an integration problem with the computational graph information available, our method finds an optimal
tensorial structure of the quadrature rule to achieve a specified level of accuracy. The optimal tensorial structure can be
a non-tensorial structure, fully-tensorial structure, or a partially tensorial structure. For a non-tensorial structure, the
quadrature rule generated from our method is the same as the designed quadrature method, while for a fully-tensorial
structure, our method generates the full-grid Gauss quadrature rule. For a partially tensorial structure, our method
generates a unique quadrature rule, which is different from the existing methods. The unique quadrature rule is tailored
for the given computational model, and is often more efficient than the existing methods when the ATE method is
available.

Algorithm 1 Optimally tensor-structured quadrature rule for integration problems
1: Specify a computational graph for a numerical model and the inputs to be integrated over, 𝑢
2: Specify the level of accuracy of the quadrature rule, 𝑘
3: Generate the dependency information of all the operations from the computational graph
4: Run model evaluation on a single quadrature point and store the evaluation time for each operation
5: Generate all of the tensorial structure options for the quadrature rule
6: Determine the number of quadrature points for each option
7: Predict the evaluation cost of each option with the ATE method
8: Select the optimal tensorial structure option
9: Compute the quadrature points and weights in each space using the designed quadrature method

10: Formulate the quadrature rule using the optimal tensorial structure
11: Evaluate the model with ATE on the quadrature points
12: Compute the integral using the model evaluations and their corresponding weights

V. Numerical Results

A. Test problem
We tested our problem on a 4D UQ problem with a low-fidelity multidisciplinary model. The model computes the

total energy stored for a cruise mission of a laser-beam-powered UAV circling around a ground station once while being
charged by the laser beam from the ground station. The mission is demonstrated in Fig. 3. We consider four random
inputs in the model, which are flight velocity, flight altitude, payload weight, and atmospheric extinction coefficient.
Their distributions along with the critical parameters of this problem are shown in Tab.3.
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Fig. 3 A circular cruise mission around a ground station

Table 3 Critical parameters in the UQ problem

Airfoil NACA 2412
Wing area (m2) 11.45

Aspect ratio 19
Payload weight 𝑊𝑝 (kg) 𝑁 (90, 30)

Atmospheric extinction coefficient 𝜎 𝑁 (0.2, 0.1)
Flight altitude ℎ (m) 𝑁 (10, 000, 2000)

Radius of the flight circle 𝑟 (m) 1000
Flight velocity 𝑣 (m/s) 𝑁 (100, 20)

Laser beam power transmitted 𝑃tra (𝑘𝑤) 50

B. Modelling
The computational model for this problem consists of five disciplines: atmosphere, laser beam, weights, aerodynamics,

and performance. The structure of this multidisciplinary model is shown in Fig.4. For the atmosphere model, we trained
a surrogate model that takes the inputs of velocity and altitude and outputs the density of air and dynamics pressure. For
the laser beam model, we used the Beers-Lambert law for optical power transfer [32] to compute the power received by
the aircraft as

𝑃rec = 𝜂𝑃tra, 𝜂 = 𝑒
−𝜎𝑅

, (48)

where 𝑃rec and 𝑃tra are the power received and transmitted, respectively, 𝜎 is the atmospheric extinction coefficient
describing the weather condition and 𝑅 is the distance between the aircraft and the power source. For the weights model,
we give specific weights for the motor, battery, and payloads. The aircraft component weights including wing, fuselage,
and tail are computed using the simple statistical equations for general aviation weights from [33]. The weights model
outputs the total weight of the aircraft, 𝑊 . The aerodynamic model takes inputs of total weights and flight velocity. It
computes the total drag force on the wing to maintain a steady state flight. The lift coefficient and drag coefficient are
computed by fitting a linear model and a quadratic polar model, respectively, from airfoil data. The performance model
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Fig. 4 Data flow of the multidisciplinary model used in the UQ problem

takes the input of flight velocity and total drag force and computes the total energy stored during the mission as

𝑛 =

√︄(
𝑣

𝑟𝑔

)2
+ 1,

𝑃req =
𝐷

𝑛
,

𝐸stored = (𝑃rec − 𝑃req)𝑡,

(49)

where 𝑛 is the turn load, 𝑟 is the radius of the mission, 𝑔 is the gravitational acceleration, 𝐷 is the total drag force, 𝑃req
is the required power to maintain the steady flight state and 𝑡 is the mission time.

C. Performance
The UQ problem is solved using three UQ methods: integration-based NIPC, kriging and the Monte Carlo (MC)

method. For the integration problem introduced from the integration-based NIPC, we apply three numerical quadrature
approaches to solve it, which are the full-grid Gauss quadrature rule (full-grid), designed quadrature, and the optimally
tensor-structured quadrature rule (optimized-grid). We consider two scenarios for the full-grid NIPC method and
optimized-grid NIPC method: with the ATE method and without the ATE method.

In Fig.5, it shows the model evaluation time versus the number of quadrature points before and after applying the
ATE method for both the full-grid and optimized-grid quadrature rules. For the full-grid quadrature rule, we observe a
consistent 40% reduction in the model evaluation time when using the ATE method. For the optimally tensor-structured
quadrature rule, the reduction when using ATE is even more significant and increases to 90% with the largest number of
quadrature points we tested.

In Fig. 6, we show the convergence plots for all seven ways to solve this UQ problem. From the convergence plots,
the Monte Carlo and kriging methods have the slowest convergence rate compared to the NIPC methods. For the NIPC
methods without using ATE, the designed quadrature method has the best performance, since it requires the lowest
number of quadrature points to achieve the same level of accuracy. The designed quadrature method also outperforms
the full-grid NIPC method when ATE is available. However, for the optimized-grid NIPC, the ATE method significantly
reduced its model evaluation cost, making the optimized-grid NIPC method the most efficient UQ approach for this
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model. We observe that the optimized-grid NIPC requires at least 50% less model evaluation cost to achieve the same
level of accuracy compared to all the UQ methods we implemented.
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(a) Full-grid Gauss quadrature rule
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(b) Optimally tensor-structured quadrature rule

Fig. 5 Comparison of the tensor-structured quadrature rules before and after applying the ATE method
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Fig. 6 Convergence plots for the seven UQ methods

D. Analysis
To understand why the optimized-grid NIPC is so efficient on this problem, we can examine the optimal tensorial

structure our method found. The optimal tensorial structure found in our method is a partially tensorial structure with
the quadrature points described as:

𝒖 = 𝒖
𝑛1
{ℎ,𝑣 } × 𝒖

𝑛2
{𝑃𝑤 } × 𝒖

𝑛3
{𝜎 }, (50)
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Table 4 Number of dependent operations for each random input on the computational graph

ℎ 𝑣 𝑃𝑤 𝜎

No. of dependent operations 162 141 53 21
Total operations 285

in which it maintains a tensorial structure between the space of ℎ and 𝑣, the space of 𝑃𝑤 , and the space of 𝜎. The
dependency information on this computational graph can be summarized by counting the number of dependent operations
on each random input, which is shown in Tab.4. The table shows that both ℎ and 𝑣 are relatively dense inputs in the
computational graph with around half of the operations dependent on them, while the 𝑃𝑤 and 𝜎 are the sparse inputs
with less than 25% of the operations dependent on them. The optimized tensorial structure in (50) combined the space
of ℎ and 𝑣 so that the number of quadrature points is reduced in that space, while maintaining the tensorial structure
with the space of two sparse inputs so that the sparsity structure of the graph structure can be taken advantage of by the
ATE method. As a result, this set of optimized-grid quadrature points forms a more efficient quadrature rule than the
existing quadrature rules on this integration problem introduced by NIPC.

VI. Conclusion
In this paper, we proposed a new method that finds optimal tensor-structure quadrature rules that result in the lowest

model evaluation cost when using the ATE method. This method is based on the idea of the designed quadrature method
but determines the optimal tensorial structure based on the computational graph information. We used a UQ problem
with a low-fidelity multidisciplinary model involving a laser-beam-powered UAV to test our method. The optimally
tensor-structured quadrature rule on this problem maintains a partially tensorial structure, which is different from the
existing quadrature rules. For this quadrature rule, the model evaluation cost can be significantly reduced with the ATE
method. When applied to the integration-based NIPC method to solve this UQ problem, this method is at least 50%
more efficient than all of the UQ methods we compared.

We do not expect this method to generate a new quadrature rule for every problem. For some problems with dense
computation graph structures, when maintaining the non-tensorial structure is optimal, our method will generate the
same quadrature rule as the designed quadrature method. For some problems with sparse computational graph structures,
when maintaining a fully tensorial structure is the optimal choice, our method will generate the same quadrature rule as
the full-grid Gauss quadrature rule. For many UQ problems with several random inputs and complex computational
graphs, this method may find a partially tensor-structured quadrature rule that can achieve a given level of accuracy with
the lowest model evaluation cost using the ATE method.

A limitation of our method is that our method needs to generate all of the tensor-structure options for the quadrature
rule and predicts the cost for each of them in order to find the optimal option. The number of options increases
significantly with the number of dimensions as in (38), so it will become intractable for integration problems with
more than 10 dimensions. An interesting topic of future work is to find a more efficient method for finding the optimal
tensorial structure for the quadrature rule.
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