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The univariate dimension reduction (UDR) method stands as an economical solution
for addressing the challenges of high-dimensional uncertainty quantification (UQ). UDR’s
fundamental strategy is to approximate the original function using univariate functions so
that the UQ cost only scales linearly with the dimension of the problem. Nonetheless, UDR’s
effectiveness can diminish when uncertain inputs have high variance, particularly when assessing
the output’s second and higher-order statistical moments. This paper proposes a new method,
gradient-enhanced univariate dimension reduction (GUDR), that enhances the accuracy of
UDR by incorporating univariate gradient function terms into the UDR approximation function.
Theoretical results indicate that the GUDR approximation is expected to be one order more
accurate than UDR in approximating the original function and it is expected to generate more
accurate results in computing the output’s second and higher-order statistical moments. Our
proposed method uses a computational graph transformation strategy to efficiently evaluate
the GUDR approximation function on tensor-grid quadrature inputs, and the tensor-grid
input-output data can be easily used to compute any risk measure of the output. With an
efficient automatic differentiation method to compute the gradients, our methods preserve
UDR’s linear cost-scaling with problem dimension. Numerical results show that the GUDR is
more accurate than UDR in estimating the standard deviation of the output and has comparable
performance with the method of moments using 3rd-order Taylor series expansion.

I. Introduction
Uncertainties are inherent in numerous scientific and engineering problems, from weather forecasting [1, 2] and

machine learning [3] to structural analysis [4, 5] and aircraft design [6, 7]. They can have a considerable effect
on a system’s behavior or performance. Forward uncertainty quantification (UQ), or uncertainty propagation, is
essential for evaluating how uncertainties in inputs influence the system’s outputs or Quantities of Interest (QoIs). The
input uncertainties can arise either from variations in operating conditions and model parameters, known as aleatoric
uncertainties, or from model errors attributable to incomplete knowledge, referred to as epistemic uncertainties. By
quantifying the impact of this uncertainty, UQ provides critical support for decision-making and risk assessment. In this
paper, we consider a UQ problem within a probabilistic framework. We aim to estimate the QoI’s statistical moments or
other risk measures like the full probability distribution or conditional value at risk.

The method to solve UQ problems has been a popular research topic for decades and many approaches have
been proposed to tackle UQ problems in different scenarios. The most common methods for directly solving UQ
problems include the method of moments, polynomial chaos, kriging, and Monte Carlo. The method of moments [8, 9]
uses Taylor series approximations to analytically compute the statistical moments, which is cost-effective but may
lack accuracy for large input variances and becomes impractical at third or higher expansion orders due to increased
computational demand. Monte Carlo methods constitute another widely used approach for solving high-dimensional
UQ problems as its convergence rate is unaffected by the dimensionality of the input space. Recent advancements
seek to enhance its efficiency through multi-fidelity [10, 11] and importance sampling techniques [12]. However, for
low-dimensional scenarios, Monte Carlo may require an excessive number of model evaluations to match the precision
of other UQ methods. Kriging, or Gaussian process regression, creates a surrogate response surface from input-output
data, facilitating extensive model evaluations for reliability analysis [13, 14] or optimization amid uncertainty [15]. The
polynomial chaos approach models the QoI using orthogonal polynomials based on the distributions of the inputs,
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leveraging the smoothness in the random space for swift convergence with sampling or integration [16–18]. Both
kriging and polynomial chaos are favored for low to medium-dimensional problems but their computational cost does
not scale well with the dimension of the problem, limiting their direct application in complex UQ tasks.

In tackling high-dimensional UQ problems, dimension reduction techniques offer a strategic means to curtail
computational expenses. Among these, sensitivity analysis [19], partial least squares (PLS) [20], active subspace
(AS) [21], and univariate dimension reduction (UDR) [22] are widely used. Sensitivity analysis, PLS, and AS leverage
function or gradient evaluations at sampled input points to isolate key uncertain inputs or to uncover lower-dimensional
latent variables in order to reduce the dimension of the problem. However, the success of these methods hinges on the
existence of a compact set of latent variables that effectively capture the function’s behavior. Conversely, UDR simplifies
the function by approximating it as a sum of univariate functions, transforming a multidimensional integration problem
into multiple one-dimensional problems that are collectively much cheaper to solve. Consequently, the computational
load of UDR increases only linearly with the number of dimensions, presenting a very cost-effective method for
high-dimensional UQ problems. UDR has also been adapted for calculating complete probability distributions [23]
and reliability metrics of outputs [24, 25]. Nevertheless, its precision diminishes with increasing input variances,
particularly when estimating second-order and higher statistical moments. To enhance UDR’s accuracy, some extensions
incorporate bivariate functions into the UDR approximation [26]. Although these adjustments provide better accuracy,
they compromise UDR’s linear scalability—a trade-off that requires careful consideration in the method’s application.

The authors recently introduced a novel method known as Accelerated Model evaluations on Tensor grids using
Computational graph transformations (AMTC) [27, 28]. This method minimizes the model evaluation cost on tensor-grid
inputs by modifying the computational graph of the model from the middle-end of a modeling language’s three-stage
compiler to eliminate the redundant evaluations on the operational level that are incurred by the tensor structure of the
inputs. The existing work applies AMTC to integration-based NIPC, assuming a certain type of sparsity is present in
the computational graph of the original function. In some problems, this sparsity enables speedups of multiple orders of
magnitude [29, 30]. However, if the computational graph does not possess this type of sparsity, the AMTC-based UQ
methods may be outperformed by other UQ methods.

This paper proposes a new UQ method, named gradient-enhanced univariate dimension reduction (GUDR), with
the aim to enhance the accuracy of UDR by incorporating univariate gradient functions into the approximations. The
GUDR approximation utilizes univariate function evaluations, univariate gradient evaluations, and a single Hessian
evaluation at the mean values of the inputs. The theoretical results show that GUDR approximation is one order more
accurate in estimating the original function, and is expected to have a comparable level of accuracy as the third-order
Taylor series expansion in estimating the second and higher-order statistical moments of the output. To estimate the risk
measures of the output, we propose to use the AMTC strategy to effectively generate the evaluations of the GUDR
approximation function on tensor-grid quadrature points. This tensor-grid input-output data can be easily used to
compute any risk measure of the output. The results show that, with an efficient automatic differentiation method, the
computational cost of the GUDR method scales linearly with the dimension of the problem.

This method has been applied to three UQ problems; this includes one 2D and one 3D mathematical function,
and one 7D problem derived from a practical aircraft design scenario. The results indicate that on the mathematical
functions, when estimating the standard deviation of the output, GUDR is more accurate than UDR and has comparable
performance as the method of moments method using third-order Taylor expansion. On the 7D aircraft design problem,
GUDR enhances the accuracy of UDR by an order of magnitude in estimating the standard deviation and can achieve a
relative error of less than 1% for both mean and standard deviation of the output with computational cost equivalent to
50 model evaluations.

This paper is organized as follows. Section II gives some background for UDR and AMTC. Section III presents the
details of the GUDR method. Section IV shows numerical results on the test problems. Section V summarizes the work
and offers concluding thoughts.

II. Background

A. Univariate dimension reduction
We consider an uncertainty quantification (UQ) problem involving a function 𝑓 (𝑢), where 𝑢 ∈ R𝑑 denotes the input

vector, and 𝑓 ∈ R represents a scalar output. The uncertainties associated with the inputs are expressed as a stochastic
vector denoted by 𝑈 := [𝑈1, . . . ,𝑈𝑑]

𝑇 , under the assumption that these random variables are mutually independent.
The stochastic input vector adheres to the probability distribution 𝜌(𝑢) with support Γ. The UQ problem aims to
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compute the risk measures of the output random variable, 𝑓 (𝑈). Given that the mean values of the uncertain inputs are
𝜇 := [𝜇1, . . . , 𝜇𝑑]

𝑇 , the univariate dimension reduction (UDR) [22] method approximates the original function 𝑓 (𝑢) as
additive terms of univariate functions:

𝑓 (𝑢) =
𝑑∑︁
𝑖=1

𝑓𝑖 (𝑢𝑖) − (𝑑 − 1) 𝑓 (𝜇), (1)

where each term 𝑓𝑖 (𝑢𝑖) = 𝑓 (𝜇1, . . . , 𝜇𝑖−1, 𝑢𝑖 , 𝜇𝑖+1, . . . , 𝜇𝑑). Expanding 𝑓 (𝑢) in a Taylor series about 𝑢 = 𝜇 yields:

𝑓 (𝑢) = 𝑓 (𝜇) +
∞∑︁
𝑗=1

𝑑∑︁
𝑖=1

1
𝑗!
𝜕
𝑗
𝑓

𝜕𝑢
𝑗

𝑖

(𝜇) (𝑢𝑖 − 𝜇𝑖)
𝑗 +

∞∑︁
𝑗2=1

∞∑︁
𝑗1=1

1
𝑗1! 𝑗2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
𝑗1+ 𝑗2 𝑓

𝜕𝑢
𝑗1
𝑖1
𝜕𝑢

𝑗2
𝑖2

(𝜇) (𝑢𝑖1 − 𝜇𝑖1
) 𝑗1 (𝑢𝑖2 − 𝜇𝑖2

) 𝑗2

+
∞∑︁
𝑗3=1

∞∑︁
𝑗2=1

∞∑︁
𝑗1=1

1
𝑗1! 𝑗2! 𝑗3!

𝑑−2∑︁
𝑖1=1

𝑑−1∑︁
𝑖2>𝑖1

𝑑∑︁
𝑖3>𝑖2

𝜕
𝑗1+ 𝑗2+ 𝑗3 𝑓

𝜕𝑢
𝑗1
𝑖1
𝜕𝑢

𝑗2
𝑖2
𝜕𝑢

𝑗3
𝑖3

(𝜇) (𝑢𝑖1 − 𝜇𝑖1
) 𝑗1 (𝑢𝑖2 − 𝜇𝑖2

) 𝑗2 (𝑢𝑖3 − 𝜇𝑖3
) 𝑗3 + . . .

(2)

The Taylor series expansion of the UDR approximation, 𝑓 (𝑢), at 𝑢 = 𝜇 can be expressed as

𝑓 (𝑢) = 𝑓 (𝜇) +
∞∑︁
𝑗=1

𝑑∑︁
𝑖=1

1
𝑗!
𝜕
𝑗
𝑓

𝜕𝑢
𝑗

𝑖

(𝜇) (𝑢𝑖 − 𝜇𝑖)
𝑗
. (3)

If we compare the Taylor series expansion of the original function with the UDR approximation, all of the Taylor series
terms in (3) are contained in (2), and the residual errors are

𝑓 (𝑢) − 𝑓 (𝑢) =
∞∑︁
𝑗2=1

∞∑︁
𝑗1=1

1
𝑗1! 𝑗2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
𝑗1+ 𝑗2 𝑓

𝜕𝑢
𝑗1
𝑖1
𝜕𝑢

𝑗2
𝑖2

(𝜇) (𝑢𝑖1 − 𝜇𝑖1
) 𝑗1 (𝑢𝑖2 − 𝜇𝑖2

) 𝑗2

+
∞∑︁
𝑗3=1

∞∑︁
𝑗2=1

∞∑︁
𝑗1=1

1
𝑗1! 𝑗2! 𝑗3!

𝑑−2∑︁
𝑖1=1

𝑑−1∑︁
𝑖2>𝑖1

𝑑∑︁
𝑖3>𝑖2

𝜕
𝑗1+ 𝑗2+ 𝑗3 𝑓

𝜕𝑢
𝑗1
𝑖1
𝜕𝑢

𝑗2
𝑖2
𝜕𝑢

𝑗3
𝑖3

(𝜇) (𝑢𝑖1 − 𝜇𝑖1
) 𝑗1 (𝑢𝑖2 − 𝜇𝑖2

) 𝑗2 (𝑢𝑖3 − 𝜇𝑖3
) 𝑗3 + . . .

(4)

This shows that the UDR approximation is only second-order accurate in estimating the original function. However,
when it comes to estimating the mean of the output, the residual errors become

E[ 𝑓 (𝑈)] − E[ 𝑓 (𝑈)] =
∫
Γ1

. . .

∫
Γ𝑑

(
𝑓 (𝑢) − 𝑓 (𝑢)

)
𝜌(𝑢)𝑑𝑢1 . . . 𝑑𝑢𝑑

=
1

2!2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2] + . . . ,

(5)

which involves only fourth and higher-order integration terms. In contrast, the 3rd-order Taylor series expansion
approximates the function as

𝑓 (𝑢) = 𝑓 (𝜇) +
3∑︁
𝑗=1

𝑑∑︁
𝑖=1

1
𝑗!
𝜕
𝑗
𝑓

𝜕𝑢
𝑗

𝑖

(𝜇) (𝑢𝑖 − 𝜇𝑖)
𝑗 +

2∑︁
𝑗1=1

𝑗1+ 𝑗2≤3∑︁
𝑗2=1

1
𝑗1! 𝑗2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
𝑗1+ 𝑗2 𝑓

𝜕𝑢
𝑗1
𝑖1
𝜕𝑢

𝑗2
𝑖2

(𝜇) (𝑢𝑖1 − 𝜇𝑖1
) 𝑗1 (𝑢𝑖2 − 𝜇𝑖2

) 𝑗2

+
𝑑−2∑︁
𝑖1=1

𝑑−1∑︁
𝑖2>𝑖1

𝑑∑︁
𝑖3>𝑖2

𝜕
3
𝑓

𝜕𝑢𝑖1
𝜕𝑢𝑖2

𝜕𝑢𝑖3

(𝜇) (𝑢𝑖1 − 𝜇1) (𝑢𝑖2 − 𝜇2) (𝑢𝑖3 − 𝜇3).

(6)

When estimating the mean of the output with this method, the residual errors are

E[ 𝑓 (𝑈)] − E[ 𝑓 (𝑈)] = 1
2!2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2]

+
𝑑∑︁
𝑖=1

1
4!

𝜕
4
𝑓

𝜕𝑢
4
𝑖

(𝜇)E[(𝑢𝑖 − 𝜇𝑖)
4] + . . .

(7)
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Upon comparing the UDR’s residual errors in (5) with those of the 3rd-order Taylor expansion in (7), we observe that
both methods are fourth-order accurate in estimating the mean of the output. However, the UDR comprises fewer
fourth-order integration terms. If we assume the constants on the fourth-order terms are similar, it suggests that UDR
yields a more accurate result than the 3rd-order Taylor expansion when estimating the mean of the output.

Nevertheless, for higher-order statistical moments or other risk measures, the UDR approximation may not perform
as well as the 3rd-order Taylor expansion. For instance, when estimating the second-order statistical moments, the
UDR’s relative errors are:

E[ 𝑓 (𝑈)2] − E[ 𝑓 (𝑈)2] =
𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

(
𝜕

2
𝑓

𝜕𝑢𝑖1
𝜕𝑢𝑖2

(𝜇)
)2

E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2]

+
𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

(
𝜕 𝑓

𝜕𝑢𝑖1

(𝜇) 𝜕
3
𝑓

𝜕𝑢𝑖1
𝜕𝑢

2
𝑖2

(𝜇) + 𝜕 𝑓

𝜕𝑢𝑖2

(𝜇) 𝜕
3
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢𝑖2

(𝜇)
)
E[(𝑢𝑖1 − 𝜇𝑖1

)2 (𝑢𝑖2 − 𝜇𝑖2
)2]

+ 1
2!

𝑓 (𝜇)
𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2] + . . .

(8)

In comparison, the residual errors for 3rd order Taylor series method are:

E[ 𝑓 (𝑈)2] − E[ 𝑓 (𝑈)2] = 1
2!

𝑓 (𝜇)
𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2] + . . . (9)

Comparing the residual errors of the 3rd-order Taylor series expansion method in (9) with the residual errors of the
UDR in (8), both of the methods are also fourth-order accurate in estimating the second-order moment of the output, but
the relative errors of the UDR comprise significantly more fourth-order integration terms compared with the 3rd-order
Taylor series expansion. Thus it is expected that the UDR is not as accurate as the 3rd Taylor series expansion method
when computing the second order moment of the output.

The detailed derivation of the residual errors for the UDR approximation in estimating the first and second-order
statistical moments for a 2D problem can be found in the Appendix V.A.

1. Computational cost
The major advantage of the UDR approximation is that when estimating the statistical moments of the output,

the corresponding multidimensional integration problem can be replaced with multiple one-dimensional integration
problems, which significantly reduces the required computational cost. For example, when computing the mean of the
output, the UDR yields

E[ 𝑓 (𝑈)] =
𝑑∑︁
𝑖=1

∫
Γ𝑖

𝑓𝑖 (𝑢𝑖)𝜌(𝑢𝑖)𝑑𝑢𝑖 − (𝑑 − 1) 𝑓 (𝜇). (10)

This only requires performing 𝑑 one-dimensional integrations instead of performing a 𝑑-dimensional integration, which
is much more expensive. If we use the quadrature rule to approximate each integral with 𝑘 quadrature points, the total
number of model evaluations required is 𝑘𝑑 + 1, which scales only linearly with the dimension of the UQ problem.
For higher-order statistical moments of the output, UDR can compute it following a recurring formula in [22] without
requiring extra model evaluations.

B. Computational graph transformation to accelerate tensor-grid evaluations
The authors recently proposed the AMTC (Accelerated Model evaluations on Tensor grids using Computational

graph transformations) method in [27]. AMTC is a graph transformation method to minimize the computational cost
required to evaluate a computational model on tensor-grid input points. It represents the computational model as a
computational graph built from basic operations and capitalizes on the fact that each operation only needs to be evaluated
on the unique points in its input space. When we evaluate a computational model at tensor-grid input points, many
operations depend on a small subset of the uncertain inputs. This leads to redundant evaluations at the operation level
with a naive approach.
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The AMTC method tackles redundant calculations by partitioning the computational graph into smaller sub-graphs,
based on the dependency information of the operations. Each sub-graph is computed just once based on the dependency
information of the operations. Operations in each graph share the same input space and are evaluated only on the same
distinct nodes in their input space. To maintain proper data flow among these sub-graphs, Einstein summation nodes are
introduced to connect the sub-graphs. For illustration, take the function

𝑓 = cos(𝑢1) + exp(−𝑢2) (11)

evaluated at full-grid input points where each dimension has 𝑘 points. This function is broken down into fundamental
operations:

𝜉1 = 𝜑1 (𝑢1) = cos(𝑢1);
𝜉2 = 𝜑2 (𝑢2) = −𝑢2;
𝜉3 = 𝜑3 (𝜉2) = exp(𝜉2);
𝑓 = 𝜑4 (𝜉1, 𝜉3) = 𝜉1 + 𝜉3,

(12)

and the accompanying computational graph is shown in Fig.1. The input points are given as

𝒖 =


(𝑢 (1)

1 , 𝑢
(1)
2 ) . . . (𝑢 (𝑘 )

1 , 𝑢
(1)
2 )

...
. . .

...

(𝑢 (1)
1 , 𝑢

(𝑘 )
2 ) . . . (𝑢 (𝑘 )

1 , 𝑢
(𝑘 )
2 )

 , (13)

with 𝑘
2 input points. The computational graphs to evaluate this function with and without the AMTC method are shown

in Fig. 2. Comparing the computational graphs reveals that without AMTC, every operation in the graph is evaluated
𝑘

2 times. But by applying AMTC, operations that depend solely on 𝑢1 or 𝑢2 are calculated just 𝑘 times, recognizing
that their outputs have 𝑘 unique values. This method is especially beneficial when combined with the non-intrusive
polynomial chaos method or quadrature rule for solving UQ problems when the model’s computational graph is not
densely connected. AMTC has been integrated into the compiler’s middle end for the Computational System Design
Language (CSDL)[31], a newly developed domain-specific language tailored for the solution of multidisciplinary
design, analysis, and optimization problems. Within the CSDL compiler, the AMTC serves as a middle-end algorithm,
transforming the computational graph to minimize the required computational cost of evaluation a computational model
on tensor-grid inputs.

Fig. 1 Computational graph of function 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2)[27]
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(a) Computational graph without
using AMTC

(b) Computational graph using AMTC

Fig. 2 Computational graphs with data size for full-grid input points evaluation on 𝑓 = 𝑐𝑜𝑠(𝑢1) + 𝑒𝑥𝑝(−𝑢2) [27]

III. Methodology

A. Gradient-enhanced univariate dimension reduction
We now describe the new methodology that forms the primary contribution of this paper. The key idea here

is to postulate a new approximation expression that enhances the accuracy of the univariate dimension reduction
(UDR) approximation expression using univariate gradient terms. With the addition of these gradient terms, the new
approximation expression is more accurate when used to estimate the second and higher-order statistical moments while
the required computational cost can be managed so that it scales linearly with the dimension of the random input space.
We coin the new method as the gradient-enhanced univariate dimension reduction method (GUDR) method. In our
method, we approximate the original function, 𝑓 , as

𝑓 (𝑢) =
𝑑∑︁
𝑖=1

𝑓𝑖 (𝑢𝑖) − (𝑑 − 1) 𝑓 (𝜇) +
𝑑∑︁
𝑖=1

(𝑢𝑖 − 𝜇𝑖)
𝑑∑︁
𝑗≠𝑖

𝜕 𝑓 𝑗

𝜕𝑢𝑖
(𝑢 𝑗 )

− (𝑑 − 1)
𝑑∑︁
𝑖

(𝑢𝑖 − 𝜇𝑖)
𝜕 𝑓

𝜕𝑢𝑖
(𝜇) −

𝑑∑︁
𝑖=1

𝑑∑︁
𝑗>𝑖

𝜕
2
𝑓

𝜕𝑢𝑖𝜕𝑢 𝑗

(𝜇) (𝑢𝑖 − 𝜇𝑖) (𝑢 𝑗 − 𝜇 𝑗 ),
(14)

where each term 𝑓𝑖 (𝑢𝑖) = 𝑓 (𝜇1, . . . , 𝜇𝑖−1, 𝑢𝑖 , 𝜇𝑖+1, . . . , 𝜇𝑑) and 𝜕 𝑓 𝑗

𝜕𝑢𝑖
(𝑢 𝑗 ) =

𝜕 𝑓

𝜕𝑢𝑖
(𝜇1, . . . , 𝜇 𝑗−1, 𝑢 𝑗 , 𝜇 𝑗+1, . . . , 𝜇𝑑). This

form includes all of the terms in the UDR approximation in (1), with additional terms including the univariate first-order
gradient terms and one second-order term involving second derivatives of 𝑓 . The GUDR approximation can also be

6

D
ow

nl
oa

de
d 

by
 1

72
.8

8.
78

.2
32

 o
n 

Ja
nu

ar
y 

16
, 2

02
4 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

4-
12

34
 



written in matrix form as

𝑓 (𝑥) =
𝑑∑︁
𝑖=1

𝑓𝑖 (𝑢𝑖) − (𝑑 − 1) 𝑓 (𝜇) +
𝑑∑︁
𝑖=1



𝑢1 − 𝜇1
...

𝑢𝑖−1 − 𝜇𝑖−1
0

𝑢𝑖+1 − 𝜇𝑖+1
...

𝑢𝑑 − 𝜇𝑑

︸           ︷︷           ︸
(𝑢−𝜇)⊙(1−ei )

𝑇


𝜕 𝑓𝑖
𝜕𝑢1

(𝑢𝑖)
...

𝜕 𝑓𝑖
𝜕𝑢𝑑

(𝑢𝑖)

︸      ︷︷      ︸
𝜕 𝑓𝑖
𝜕𝑢

(𝑢𝑖 )

− (𝑑 − 1)


𝑢1 − 𝜇1

...

𝑢𝑑 − 𝜇𝑑

︸      ︷︷      ︸
𝑢−𝜇

𝑇 
𝜕 𝑓

𝜕𝑢1
(𝜇)
...

𝜕 𝑓

𝜕𝑢𝑑
(𝜇)

︸     ︷︷     ︸
𝜕 𝑓

𝜕𝑢
(𝜇)

−


𝑢1 − 𝜇1

...

𝑢𝑑 − 𝜇𝑑


𝑇



0 𝜕
2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇) . . .

𝜕
2
𝑓

𝜕𝑢1𝜕𝑢𝑑
(𝜇)

...
. . .

. . .
...

0 . . . 0 𝜕
2
𝑓

𝜕𝑢𝑑−1𝜕𝑢𝑑
(𝜇)

0 . . . . . . 0



𝑢1 − 𝜇1

...

𝑢𝑑 − 𝜇𝑑

︸                                                                          ︷︷                                                                          ︸
1
2 (𝑢−𝜇)

𝑇

(
𝜕

2
𝑓

𝜕𝑢
2 (𝜇)−diag

(
diag

(
𝜕

2
𝑓

𝜕𝑢
2 (𝜇)

)))
(𝑢−𝜇)

=

𝑑∑︁
𝑖=1

𝑓𝑖 (𝑢𝑖) +
𝑑∑︁
𝑖=1

(
(𝑢 − 𝜇) ⊙ (1 − ei)

)𝑇 𝜕 𝑓𝑖

𝜕𝑢
(𝑢𝑖) − (𝑑 − 1)

(
𝑓 (𝜇) − (𝑢 − 𝜇)𝑇 𝜕 𝑓

𝜕𝑢
(𝜇)

)
− 1

2
(𝑢 − 𝜇)𝑇

(
𝜕

2
𝑓

𝜕𝑢
2 (𝜇) − diag

(
diag

(
𝜕

2
𝑓

𝜕𝑢
2 (𝜇)

)))
(𝑢 − 𝜇),

(15)

where, 𝜕 𝑓

𝜕𝑢
(𝑢) and 𝜕

2
𝑓

𝜕𝑢
2 (𝑢) represents the gradient vector and Hessian matrix, respectively, evaluated at 𝑢 = 𝑢. Compared

to the Taylor series expansion of the original function, 𝑓 , about 𝑢, the residual error of the GUDR approximation at
𝑢 = 𝜇 can be expressed as

𝑓 (𝑢) − 𝑓 (𝑢) =
𝑑∑︁
𝑖=1

𝑑∑︁
𝑗>𝑖

𝑑∑︁
𝑘> 𝑗

𝜕
3
𝑓

𝜕𝑢𝑖𝜕𝑢 𝑗𝜕𝑢𝑘
(𝜇) (𝑢𝑖 − 𝜇𝑖) (𝑢 𝑗 − 𝜇 𝑗 ) (𝑢𝑘 − 𝜇𝑘) + . . . . (16)

This shows the GUDR approximation is third-order accurate when used to approximate the original function. In
comparison with the residual errors of the UDR approximation in (3), the GUDR approximation is a more accurate
approximation of the original function as the UDR approximation is only 2nd order accurate.

When it comes to estimating the mean of the output, the GUDR approximation generates the same results as the
UDR approximation with the residual errors expressed as

E[ 𝑓 (𝑈)] − E[ 𝑓 (𝑈)] = 1
2!2!

𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2] + . . . . (17)

This means both UDR and GUDR approximations are expected to provide more accurate results in estimating the
mean of the output than the 3rd-order Taylor series expansion method. However, when it comes to estimating the
higher-order statistical moments, the GUDR can provide more accurate results than UDR as the GUDR approximation
is more accurate than the UDR approximation in estimating the original function. For example, when estimating the
second-order statistical moment of the output, the residual errors of the GUDR approximation can be expressed as

E[ 𝑓 (𝑈)2] − E[ 𝑓 (𝑈)2] = 1
2!

𝑓 (𝜇)
𝑑−1∑︁
𝑖1=1

𝑑∑︁
𝑖2>𝑖1

𝜕
4
𝑓

𝜕𝑢
2
𝑖1
𝜕𝑢

2
𝑖2

(𝜇)E[(𝑢𝑖1 − 𝜇𝑖1
)2 (𝑢𝑖2 − 𝜇𝑖2

)2] + . . . (18)

When compared with the residual errors from the 3rd-order Taylor series expansion method, as detailed in (9), and those
from the UDR method, seen in (8), all three methods exhibit residual errors that include only terms of the fourth order
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and higher. However, the residual errors of the GUDR and 3rd Taylor series expansion approximations contain the same
fourth-order integration terms, while the UDR contains significantly more fourth-order integration terms. This means
when estimating the second-order statistical moments, the GUDR approximation is expected to have a comparable level
of accuracy with the 3rd order Taylor series expansion approximation, and its result can be significantly more accurate
than the UDR approximation.

The detailed derivation of the residual errors for the GUDR approximation in estimating the first and second-order
statistical moments for a 2D problem can be found in the Appendix V.B.

B. Tensor-grid evaluations to estimate statistical moments
For a 𝑑-dimensional UQ problem, the GUDR approximation in (15) involves multiple one-dimensional function and

first-order gradient evaluation terms. When it comes to estimating the mean of the output, all of the gradient terms
become zero, and the GUDR yields the same result as UDR,

E[ 𝑓 (𝑈)] =
𝑑∑︁
𝑖=1

∫
Γ𝑖

𝑓𝑖 (𝑢𝑖)𝜌(𝑢𝑖)𝑑𝑢𝑖 − (𝑑 − 1) 𝑓 (𝜇), (19)

which involves the addition of multiple 1D integrals, which can be separately evaluated using quadrature rules. However,
when it comes to estimating higher-order statistical moments of the output, there is no easy way to express the predictions
of the GUDR approximation as a function of 1D integrals. One may want to derive the recursive formula for GUDR
following the UDR method. However, the recursive formula will be significantly more complicated and is unpractical to
implement in real problems.

In this paper, we propose a new approach to decompose the GUDR approximation function from the computational
graph transformation perspective, so that we efficiently generate the model evaluations on full-grid quadrature points.
This approach is inspired by the recently developed computational graph transformation method, Accelerated Model
evaluations on Tensor-grid using Computational graph transformation (AMTC).

If we treat each univariate function and gradient term in the GUDR approximation as individual operations, the
computational graph of GUDR approximation function is shown in Fig.3. Despite the complicated form of the GUDR
approximation, the main computational cost only comes from evaluating the univariate function and gradient terms.
When applying the GUDR approximation function to tensor-grid inputs, which are described as

𝒖 = 𝒖𝑘
1 × . . . × 𝒖𝑘

𝑑 , (20)

where 𝒖𝑘
𝑖 denotes the set of 𝑘 quadrature points within the 𝑢𝑖 dimension, we note that despite the presence of 𝑘𝑑 input

points, only 𝑘 distinct points exist within each input dimension. Drawing on AMTC’s foundational concept, since each
operation of univariate function and gradient computation in the GUDR’s computational graph is dependent on just one
uncertain input, we can see that it is only necessary to evaluate these operations at the distinct quadrature points within
their respective dimensions.

Consequently, by integrating the AMTC strategy, the modified computational graph for the GUDR approximation
function’s tensor-grid evaluations is shown in Fig. 4. In this way, we can generate the model evaluations of GUDR
approximation function on tensor-grid inputs, 𝑓 (𝒖) ∈ R𝑘

𝑑

, with only 𝑘 evaluations on each univariate function and
gradient evaluation term.

We note that the AMTC method has only been implemented in the CSDL software and can only be applied to
computational models that are built in the CSDL language. However, we also note that a large number of aircraft-design-
relevant models have been developed across a wide range of disciplines [32]. Fortunately, in this specific scenario
involving models implemented in CSDL, we can achieve the minimum number of evaluations in univariate function and
gradient evaluation terms by first evaluating the univariate model function and gradient function on the corresponding
quadrature points in its input space. Then we can manually add Einsum operations in the code to transform these
quadrature points evaluations to the correct size with the correct order of the data. Lastly, these data are passed into the
GUDR approximation function to generate the full-grid evaluations of the output. We show the example code to achieve
this in the Appendix V.C.

The tensor-grid input-output data can be easily used with the quadrature rule to compute any order of statistical
moments of the output. Additionally, these data can also be used with other UQ methods like non-intrusive polynomial
chaos, stochastic collocation, and kriging to construct a surrogate model to approximate the other risk measures of the
output like the probability of failure or the entire probability density distribution.
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C. Computational cost
Utilizing the AMTC strategy enables the computation of any risk measure of the output with a fixed number of

evaluations—specifically, 𝑘 evaluations for each univariate function and its gradient term, accompanied by a single
function evaluation, gradient evaluation, and Hessian evaluation at the mean of the input variables. With the advancement
of automatic differentiation, for a function with 𝑑 inputs, a single gradient vector evaluation, and a full Hessian matrix
evaluation carry the computational weight less than 3 and 3𝑑 model evaluations [33], respectively. As a result, a
conservative estimation of the model evaluation cost for solving the 𝑑-dimensional UQ using GUDR with 𝑘 quadrature
points in each dimension of the uncertain input is equivalent to 4𝑘𝑑 + 3𝑑 + 4 model evaluations, which scales only
linearly with the dimension of the problem.

Fig. 3 Computational graph of the GUDR approximation function

Fig. 4 Computational graph of tensor-grid evaluations after graph transformation
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IV. Numerical Results
In Sec IV.A, we compare the accuracy of four UQ methods: gradient-enhanced univariate dimension reduction

(GUDR), univariate dimension reduction (UDR), method of moments using 2nd order Taylor expansion, and method
of moments using 3rd order Taylor expansion. These methods are applied to two UQ problems involving different
mathematical functions. In Sec IV.B, we compare the convergence plots of GUDR, UDR, and the Monte Carlo methods
on a 7D UQ problem involving an aircraft design multidisciplinary model.

A. Mathematical functions
We examine two UQ problems that involve mathematical functions defined by simple, closed-form expressions. The

first problem involves the function:

𝑦1 = 𝑓 (𝑥1, 𝑥2) =
1

1 + 𝑥
4
1 + 2𝑥2

2 + 𝑥
4
2

(21)

with uncertain inputs:
𝑋𝑖 ∼ N(2, 𝜎), 𝑖 = 1, 2. (22)

The second problem involves the function:

𝑦2 = 𝑓 (𝑥1, 𝑥2, 𝑥3) = exp(1 + 0.5𝑥2
1 + 0.5𝑥2

2 + 0.5𝑥2
3) (23)

with uncertain inputs:
𝑋𝑖 ∼ N(3, 𝜎), 𝑖 = 1, 2, 3. (24)

The quantity of interest (QoI) for both UQ problems is the standard deviations 𝜎1 and 𝜎2 of the outputs 𝑌1 and 𝑌2,
respectively. These problems are adapted from [22].

For these test problems, we have implemented five methods: UDR, GUDR, method of moments using 2nd-order
Taylor series expansion (second-order second-moment (SOSM)), method of moments using 3rd-order Taylor series
expansion (third-order second-moment (TOSM)), and direct numerical integration. The UDR and GUDR methods are
implemented using 19 quadrature points in each dimension of the uncertain inputs to yield the most accurate UQ results
based on these two analytical approximation expressions. Conversely, the direct numerical integration method utilizes
the Monte Carlo method with 100,000 sample points, with its UQ results considered as the true UQ results.

The UQ outcomes derived from these four methods, along with the relative errors of the three analytical expression
methods, are plotted against the increasing values of input standard deviations in Fig. 5 and Fig. 6 for 𝑌1 and 𝑌2,
respectively. Our observations indicate that for both problems, all of the UDR, GUDR, SOSM, and TOSM methods yield
accurate results for the standard deviation of the response when the standard deviation of the uncertain inputs is small.
As we increase the standard deviation, the errors for all four methods correspondingly escalate. While the performances
of UDR and SOSM are comparable, GUDR and TOSM also have comparable performances and consistently outperform
UDR and SOSM. Typically, the relative errors of GUDR are less than those of UDR and SOSM by more than an order
of magnitude. This superior performance of GUDR can be attributed to its more accurate approximation of the original
function in comparison to UDR and the 2nd-order Taylor expansion. Additionally, the comparable performances
between GUDR and TOSM match our theoretical results showing that GUDR approximation function is expected to
have comparable performance as the 3rd-order Taylor expansion when estimating the standard deviation of the output.

B. Aircraft design multidisciplinary model
The third test problem is a 7D UQ problem derived from a practical aircraft design scenario. This problem involves a

high-altitude, laser beam-powered unmanned aerial vehicle (UAV) cruising at high altitude while receiving charge from a
laser beam emitted by a ground station. The concept of the UAV is illustrated in Fig. 7, while the laser beam engagement
scenario is depicted in Fig. 8. The computational model incorporates multiple disciplines, such as aerodynamics,
structures, thermals, power beaming, performance, and weight models. This model calculates the required aircraft mass
to meet certain criteria, including endurance, maximum stress, and static margin. The meshes for the aerodynamics and
structure solvers are shown in Fig. 9. For further details on the computational model, we refer the reader to [34].

The objective of the UQ problem is to determine the mean and standard deviation of the required aircraft mass, taking
into account seven uncertain inputs with uniform distributions. The specific uncertain inputs and their distributions are
listed in Tab. 1.
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Fig. 5 UQ results for 𝑦1 = (1 + 𝑥
4
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−1

0.0 0.2 0.4 0.6 0.8 1.0
Standard deviation of the uncertain inputs

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

St
an

da
rd

 d
ev

ia
tio

n 
of

 re
sp

on
se

Numerical integration
SOSM
TOSM
UDR
GUDR

(a) QoI results for increasing values of input standard
deviation
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Fig. 6 UQ results for 𝑦2 = 𝑒
(1+0.5𝑥2
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2+0.5𝑥2

3 )
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Fig. 7 The high-altitude, laser-powered airplane concept

Fig. 8 The laser beam engagement scenario

Uncertain inputs Distributions
Cruise mach number 𝑈 (0.1, 0.2)

Altitude(km) 𝑈 (17, 19)
Horizontal distance (km) 𝑈 (250, 300)

Pitch angle (deg) 𝑈 (−2, 2)
Payload mass (kg) 𝑈 (50, 100)

Aperture diameter (m) 𝑈 (0.7, 0.8)
Rotor speed (RPM) 𝑈 (1200, 1500)

Table 1 Input parameters and ranges for the multidisciplinary model

In this test problem, we implemented three UQ methods: GUDR, UDR, and the Monte Carlo method. The
GUDR and UDR methods were implemented with varying numbers of quadrature points in each dimension, namely

(a) 1D beam meshes for the structure solver (b) 2D aerodynamics meshes for the aerodynamics
solver

Fig. 9 Meshes for structure and aerodynamics solvers
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(a) Mean of the output (b) Standard deviation of the output

Fig. 10 Convergence plots for the aircraft design problem

𝑛 = 3, 5, 7, 9. On the other hand, the Monte Carlo method was implemented with different numbers of sample points,
𝑚 = 50, 100, 150, 200. The computational model for this problem was implemented in the Computational System
Design Language (CSDL) [31]. The first-order gradient evaluations required for GUDR were calculated using an
automatically implemented adjoint method detailed in [35], and the Hessian matrix was estimated via a finite difference
method. We used the UQ results generated from the Monte Carlo method with 10, 000 sample points as the reference
results and depicted the convergence plots of the three methods in Fig. 10. The relative errors for the Monte Carlo were
computed as the average over 20 runs.

From the results, it is evident that at a low evaluation cost (10s of equivalent model evaluations), both UDR and
GUDR are capable of delivering more accurate results compared to the Monte Carlo method in terms of both mean and
standard deviation for this particular problem. In terms of estimating the mean output, UDR and GUDR yield identical
UQ results when employing the same number of quadrature points in each dimension, but GUDR is computationally
more demanding than UDR. This observation is aligned with our theoretical derivations, which affirm that both GUDR
and UDR are fourth-order accurate and produce identical results when estimating the mean of the output. As for
the standard deviation of the output, GUDR enhances the accuracy of UDR by almost an order of magnitude at the
expense of a slightly increased function evaluation cost. This phenomenon can be attributed to the fact that the GUDR
approximation function results in fewer relative errors than the UDR approximation function when estimating the second
and higher-order statistical moments. In this problem, with 50 equivalent model evaluations, GUDR can achieve a
relative error of less than 1% for both mean and standard deviation of the output, making the GUDR method the most
affordable UQ method to achieve this level of performance.

V. Conclusion
In this paper, we introduce a UQ method, gradient-enhanced univariate dimension reduction (GUDR), for solving

high-dimensional UQ problems. This method builds on the idea of univariate dimension reduction (UDR) by
incorporating univariate gradient functions into the UDR approximation function so that it enhances its accuracy in
approximating the original function. GUDR employs a computational graph transformation strategy to efficiently
evaluate its approximation function on tensor-grid quadrature points to evaluate any risk measure of the output. By
using an automatic differentiation method to evaluate the gradient information, GUDR preserves the linear scaling cost
as the UDR method.

The GUDR method was tested on three UQ problems: two mathematical functions in 2D and 3D, and a 7D aircraft
design problem. For the mathematical functions, GUDR surpassed UDR in accuracy for standard deviation estimation
and matched the performance of the method of moments using 3rd-order Taylor expansion. In the complex 7D aircraft
design problem, GUDR improved upon UDR’s precision by tenfold when estimating the output’s standard deviation,
achieving less than 1% relative error for both mean and standard deviation estimations, with a computational expense
equivalent to only 50 model evaluations.

One limitation of this work is that GUDR requires the evaluations of both first- and second-order gradients of the
computational model using an automatic differentiation method, which is not a universal feature in all software. A
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promising direction for future work is to assess the GUDR’s accuracy in estimating reliability metrics of the output by
connecting GUDR with polynomial chaos and kriging methods. Another interesting topic is to propose more accurate
linear-scaling UQ methods following the GUDR idea.

Appendix

A. Univariate dimension reduction in 2D case
In this section, we derive the residual errors of the univariate dimension reduction (UDR) method in estimating

the mean and standard deviation for a 2D UQ problem. Consider an UQ problem that involves a bivariate function
𝑓
(
𝑢1, 𝑢2

)
, the Taylor series expansion of 𝑓 at (𝑢1 = 𝜇1, 𝑢2 = 𝜇2) can be expressed by

𝑓
(
𝑢1, 𝑢2

)
= 𝑓 (𝜇1, 𝜇2) +

𝜕 𝑓

𝜕𝑥1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) +

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2) +

1
2!

𝜕
2
𝑓

𝜕𝑢
2
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2

+ 1
2!

𝜕
2
𝑓

𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

2 + 𝜕
2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2) +

1
3!

𝜕
3
𝑓

𝜕𝑢
3
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

3

+ 1
3!

𝜕
3
𝑓

𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

3 + 1
2!

𝜕
3
𝑓

𝜕𝑢
2
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
2 (𝑢2 − 𝜇2)

+ 1
2!

𝜕
3
𝑓

𝜕𝑢1𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

2 + 1
4!

𝜕
4
𝑓

𝜕𝑢
4
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

4 + 1
4!

𝜕
4
𝑓

𝜕𝑢
4
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

4

+ 1
3!

𝜕
4
𝑓

𝜕𝑢
3
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
3 (𝑢2 − 𝜇2) +

1
3!

𝜕
4
𝑓

𝜕𝑢1𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

3

+ 1
2!2!

𝜕
4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2 + . . .

(25)
In this case, the UDR method approximates the original function as

𝑓 (𝑢1, 𝑢2) = 𝑓 (𝑢1, 𝜇2) + 𝑓 (𝜇1, 𝑢2) − 𝑓 (𝜇1, 𝜇2). (26)

The Taylor series expansion of the UDR approximation, 𝑓 , at (𝑢1 = 𝜇1, 𝑢2 = 𝜇2) can be expressed as

𝑓 (𝑢1, 𝑢2) = 𝑓 (𝜇1, 𝜇2) +
𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) +

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2) +

1
2!

𝜕
2
𝑓

𝜕𝑢
2
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2

+ 1
2!

𝜕
2
𝑓

𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

2 + 1
3!

𝜕
3
𝑓

𝜕𝑢
3
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

3 + 1
3!

𝜕
3
𝑓

𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

3

+ 1
4!

𝜕
4
𝑓

𝜕𝑢
4
1
(𝜇1, 𝜇2) (𝑥1 − 𝜇1)

4 + 1
4!

𝜕
4
𝑓

𝜕𝑥
4
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

4 + . . .

(27)

If we compare the Taylor series expansion of the original function with the UDR approximation, all of the Taylor series
terms in (27) are contained in (25), and the residual errors can be expressed as

𝑓
(
𝑢1, 𝑢2

)
− 𝑓

(
𝑢1, 𝑢2

)
=

𝜕
2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2) +

1
2!

𝜕
3
𝑓

𝜕𝑢
2
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
2 (𝑢2 − 𝜇2)

+ 1
2!

𝜕
3
𝑓

𝜕𝑢1𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

2 + 1
3!

𝜕
4
𝑓

𝜕𝑢
3
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
3 (𝑢2 − 𝜇2)

+ 1
2!2!

𝜕
4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2 + 1

3!
𝜕

4
𝑓

𝜕𝑢1𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

3 + . . .

(28)

14

D
ow

nl
oa

de
d 

by
 1

72
.8

8.
78

.2
32

 o
n 

Ja
nu

ar
y 

16
, 2

02
4 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I:
 1

0.
25

14
/6

.2
02

4-
12

34
 



From (28), we observe that the UDR approximation is only second-order accurate compared to the original function.
However, when it comes to estimating the mean of the output, the residual errors can be expressed as

E[ 𝑓 (𝑈1,𝑈2)] − E[ 𝑓 (𝑈1,𝑈2)] =
∫
Γ1

∫
Γ2

(
𝑓 (𝑢1, 𝑢2) − 𝑓 (𝑢1, 𝑢2)

)
𝜌(𝑢1)𝜌(𝑢2)𝑑𝑢1𝑑𝑢2

=
1

2!2!
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + . . .

(29)

In comparison, for a 3rd-order Taylor series expansion method which approximates the function as

𝑓
(
𝑢1, 𝑢2

)
= 𝑓 (𝜇1, 𝜇2) +

𝜕 𝑓

𝜕𝑥1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) +

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2) +

1
2!

𝜕
2
𝑓

𝜕𝑢
2
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2

+ 1
2!

𝜕
2
𝑓

𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

2 + 𝜕
2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2) +

1
3!

𝜕
3
𝑓

𝜕𝑢
3
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

3

+ 1
3!

𝜕
3
𝑓

𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

3 + 1
2!

𝜕
3
𝑓

𝜕𝑢
2
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
2 (𝑢2 − 𝜇2)

+ 1
2!

𝜕
3
𝑓

𝜕𝑢1𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

2

(30)

The residual errors of the 3rd-order Taylor series expansion method when estimating the mean of the output can be
expressed as

E[ 𝑓 (𝑈1,𝑈2)] − E[ 𝑓 (𝑈1,𝑈2)] =
1

2!2!
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + 1

4!
𝜕

4
𝑓

𝜕𝑢
4
1
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

4]

+ 1
4!

𝜕
4
𝑓

𝜕𝑢
4
2
(𝜇1, 𝜇2)E[(𝑢2 − 𝜇2)

4] + . . .

(31)
Comparing the residual errors of the 3rd-order Taylor series expansion method in (31) with the residual errors of the
UDR in (29). Both of the methods are fourth-order accurate in estimating the mean of the output, but the relative errors
of the UDR comprise fewer fourth-order integration terms compared with 3rd-order Taylor series expansion. When it
comes to estimating the second-order statistical moments, the relative errors of the UDR can be expressed as:

E[ 𝑓 (𝑈1,𝑈2)
2] − E[ 𝑓 (𝑈1,𝑈2)

2] =
∫
Γ1

∫
Γ2

(
𝑓 (𝑢1, 𝑢2)

2 − 𝑓 (𝑢1, 𝑢2)
2
)
𝜌(𝑢1)𝜌(𝑢2)𝑑𝑢1𝑑𝑢2

=

(
𝜕

2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇1, 𝜇2)

)2

E[(𝑢1 − 𝜇1)
2 (𝑢2 − 𝜇2)

2]

+
(
𝜕𝑦

𝜕𝑢2
(𝜇1, 𝜇2)

𝜕
3
𝑦

𝜕𝑢
2
1𝜕𝑢2

(𝜇1, 𝜇2) +
𝜕𝑦

𝜕𝑢1
(𝜇1, 𝜇2)

𝜕
3
𝑦

𝜕𝑢1𝜕𝑢
2
2
(𝜇1, 𝜇2)

)
E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2]

+ 1
2!

𝑓 (𝜇1, 𝜇2)
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + . . .

(32)
The residual errors for 3rd order Taylor series method can be expressed as:

E[ 𝑓 (𝑈1,𝑈2)
2] − E[ 𝑓 (𝑈1,𝑈2)

2] = 1
2!

𝑓 (𝜇1, 𝜇2)
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + . . . (33)

Comparing the residual errors of the 3rd-order Taylor series expansion method in (40) with the residual errors of the
UDR in (32). Both of the methods are also fourth-order accurate in estimating the second-order moment of the output,
but the relative errors of the UDR comprise more fourth-order integration terms compared with 3rd-order Taylor series
expansion.
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B. Gradient-enhanced univariate dimension reduction in 2D case
In this section, we derive the residual errors of the gradient-enhanced univariate dimension reduction (GUDR)

method in estimating the mean and standard deviation for a 2D UQ problem. Consider an UQ problem that involves a
bivariate function 𝑓

(
𝑢1, 𝑢2

)
, the GUDR method approximates the original function as

𝑓 (𝑢1, 𝑢2) = 𝑦(𝑢1, 𝜇2) + 𝑦(𝜇1, 𝑢2) − 𝑦(𝜇1, 𝜇2) + (𝑢1 − 𝜇1)
(
𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝑢2) −

𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝜇2)

)
+ (𝑢2 − 𝜇2)

(
𝜕 𝑓

𝜕𝑢2
(𝑢1, 𝜇2) −

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2)

)
− 𝜕

2
𝑓

𝜕𝑢1𝑢2
(𝜇1, 𝜇2) (𝑥1 − 𝜇1) (𝑥2 − 𝜇2).

(34)

The Taylor series expansion of the involved univariate gradient terms at (𝑢1 = 𝜇1, 𝑢2 = 𝜇2) can be expressed by

𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝑢2) =

𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝜇2)+

𝜕
2
𝑓

𝜕𝑢1𝑢2
(𝜇1, 𝜇2) (𝑢2−𝜇2)+

1
2!

𝜕
3
𝑓

𝜕𝑢1𝑢
2
2
(𝜇1, 𝜇2) (𝑢2−𝜇2)

2+ 1
3!

𝜕
4
𝑓

𝜕𝑢1𝑢
3
2
(𝜇1, 𝜇2) (𝑢2−𝜇2)

3+ . . .

(35)
𝜕 𝑓

𝜕𝑢2
(𝑢1, 𝜇2) =

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2)+

𝜕
2
𝑓

𝜕𝑢1𝑢2
(𝜇1, 𝜇2) (𝑢1−𝜇1)+

1
2!

𝜕
3
𝑓

𝜕𝑢
2
1𝑢2

(𝜇1, 𝜇2) (𝑢1−𝜇1)
2+ 1

3!
𝜕

4
𝑓

𝜕𝑢
3
1𝑢2

(𝜇1, 𝜇2) (𝑢1−𝜇1)
3+ . . .

(36)
Now we can express the Taylor series expansion of GUDR approximation function, 𝑓 , as

𝑓
(
𝑢1, 𝑢2

)
= 𝑓 (𝜇1, 𝜇2) +

𝜕 𝑓

𝜕𝑢1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) +

𝜕 𝑓

𝜕𝑢2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2) +

1
2!

𝜕
2
𝑓

𝜕𝑢
2
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

2

+ 1
2!

𝜕
2
𝑓

𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

2 + 𝜕
2
𝑓

𝜕𝑢1𝜕𝑢2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2) +

1
3!

𝜕
3
𝑓

𝜕𝑢
3
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

3

+ 1
3!

𝜕
3
𝑓

𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

3 + 1
2!

𝜕
3
𝑓

𝜕𝑢
2
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
2 (𝑢2 − 𝜇2)

+ 1
2!

𝜕
3
𝑓

𝜕𝑢1𝜕𝑢
2
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

2 + 1
4!

𝜕
4
𝑓

𝜕𝑢
4
1
(𝜇1, 𝜇2) (𝑢1 − 𝜇1)

4 + 1
4!

𝜕
4
𝑓

𝜕𝑢
4
2
(𝜇1, 𝜇2) (𝑢2 − 𝜇2)

4

+ 1
3!

𝜕
4
𝑓

𝜕𝑢
3
1𝜕𝑢2

(𝜇1, 𝜇2) (𝑢1 − 𝜇1)
3 (𝑢2 − 𝜇2) +

1
3!

𝜕
4
𝑓

𝜕𝑢1𝜕𝑢
3
2
(𝜇1, 𝜇2) (𝑢1 − 𝜇1) (𝑢2 − 𝜇2)

3 + . . .

(37)
If we compare the Taylor series expansion of the original function with the GUDR approximation, all of the Taylor
series terms in (37) are contained in (25), and the residual errors can be expressed as

𝑓
(
𝑢1, 𝑢2

)
− 𝑓

(
𝑢1, 𝑢2

)
=

1
2!2!

𝜕
4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(0, 0)𝑢2

1𝑢
2
2 + . . . (38)

which only include fourth and higher-order terms. When we estimate the mean of the output, the GUDR approximation
generates the same results as the UDR as

E[ 𝑓 (𝑢1, 𝑢2)] − E[ 𝑓 (𝑢1, 𝑢2)] =
1

2!2!
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + . . . (39)

However when we estimate the residual errors, the residual errors for GUDR approximation can be expressed as:

E[ 𝑓 (𝑢1, 𝑢2)
2] − E[ 𝑓 (𝑢1, 𝑢2)

2] = 1
2!

𝑓 (𝜇1, 𝜇2)
𝜕

4
𝑓

𝜕𝑢
2
1𝜕𝑢

2
2
(𝜇1, 𝜇2)E[(𝑢1 − 𝜇1)

2 (𝑢2 − 𝜇2)
2] + . . . (40)

Compared to the 3rd-order Taylor series expansion, the residual errors of the GUDR approximation contain the same
fourth-order integration terms.
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C. Example code to implement computational graph transformation in GUDR
In this section, we provide the example code to implement the computational graph transformation method in

GUDR for a 2D UQ problem. The Python code below assumes we have the univariate model and gradient functions’
evaluations on quadrature points of each input dimension, along with the function and gradient evaluations on the mean
of the input. The code shows how to use NumPy’s Einstein summation function to expand the sizes of certain inputs so
that we can generate the correct tensor-grid evaluations for the GUDR approximation function.

import numpy as np
k # number of quadrature points in each dimension
u_1 # quadrature points in u_1, size: (k,1)
u_2 # quadrature points in u_2, size: (k,1)
f1_u1 # quadrature points evaluations of f_1(u_1), size (k,1)
f2_u2 # quadrature points evaluations of f_2(u_2), size (k,1)
df1_du # quadrature points evaluations of df_1/du(u_1), size (k,2)
df2_du # quadrature points evaluations of df_2/du(u_2), size (k,2)
mean_u # mean of the inputs, size(2,)
f_mean_u = # function evaluation on mean of the inputs, size (1,)
df_du_mean_u = # gradient evaluation on mean of the inputs, size (2,)
d2f_du2_mean_u = # Hessian evaluation on mean of the inputs, size (2,2)
total_points = k**2 # total input points k**2

# Use Einsum and reshape operations to expand the size of certain inputs
u_1 = np.einsum(’i...,p...->ip...’, u_1 , np.ones(k))
u_1 = np.reshape(u_1 , (total_points ,))
u_2 = np.einsum(’p...,i...->ip...’, u_2 , np.ones(k))
u_2 = np.reshape(u_2 , (total_points ,))
f1_u1 = np.einsum(’i...,p...->ip...’, f1_u1, np.ones(k))
f1_u1 = np.reshape(f1_u1, (total_points ,))
f2_u2 = np.einsum(’p...,i...->ip...’, f2_u2, np.ones(k))
f2_u2 = np.reshape(f2_u2, (total_points ,))
df1_du = np.einsum(’i...,p...->ip...’, df1_du, np.ones(k))
df1_du = np.reshape(df1_du, (total_points , 2))
df2_du = np.einsum(’i...,p...->ip...’, df2_du, np.ones(k))
df2_du = np.reshape(df2_du, (total_points , 2))

# Evaluate GUDR approximation function on tensor-grid quadrature points
f_gudr = np.zeros(total_points ,)
for i in range(total_points):
u = np.array([u_1[i], u_2[i]])
a1 = np.array([0, u_2[i]])
a2 = np.array([u_1[i], 0])
term1 = f1_u1[i] + f2_u2[i] - f_mean_u
term2 = np.dot(a1, df1_du[i,:]) + np.dot(a2, df2_du[i,:])- np.dot(u, df_du_mean_u)
term3 = -0.5*np.einsum(’...i,...i->...’, (u-mean_u).T.dot(d2f_du2_mean_u - np.diag(np.diag(

d2f_du2_mean_u))), (u-mean_u))
f_gudr[i] = term1 + term2+ term3

# f_gudr: GUDR approximation function evaluated on tensor-grid quadrature points, size (k^2,)
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