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Reduced Jacobian Supervision for Data-Efficient Operator
Learning in High-Dimensional Design Spaces

Michael A. P. Warner *,
John T. Hwang"
University of California San Diego, La Jolla, CA, 92093

Operator learning is a promising approach for accelerating multidisciplinary design
optimization (MDQ) when the governing physics and design space are known, but the ultimate
objectives and constraints may evolve throughout the design process. In this setting, learning
the design-to-state map of a PDE-based analysis can provide a reusable surrogate with broad
downstream utility. The main challenge is that the cost of generating training data, particularly
sensitivity information, can be prohibitive for high-dimensional problems. This work introduces
a reduced Jacobian training approach for neural operators, in which the state is learned in
full space while gradient information is incorporated through a reduced representation of the
Jacobian. This reduces the cost of Jacobian data collection from scaling with the full state or
input dimension to scaling with the reduced basis size. The approach is evaluated on a structural
wing benchmark across input dimensions ranging from 5 to 161 and training budgets ranging
from 70 to 4500 samples. Relative to forward-only training, the reduced Jacobian approach
yields substantially improved accuracy, with more than 40x lower displacement error and more
than 20x lower reduced Jacobian error in the most favorable cases. To characterize these trends,
an effective data measure of the form Nd” is introduced. The forward-only model is found to be
largely insensitive to input dimension in displacement prediction and to degrade in Jacobian
accuracy as dimension increases, whereas the gradient-enhanced model exhibits favorable
scaling with input dimension for both displacement and reduced Jacobian prediction. These
results suggest that reduced Jacobian supervision can substantially improve the data efficiency
of operator learning and may make neural operators particularly effective for large-scale MDO
problems with high-dimensional design spaces.

I. Introduction

Multidisciplinary design optimization (MDO) continues to advance toward increasingly complex and high-fidelity
problem formulations, involving large design spaces, tightly coupled disciplines, and computationally intensive physics
models. While gradient-based optimization enabled by the adjoint method has made such problems tractable by
dramatically reducing the number of required simulations, the cost of individual analyses remains a dominant bottleneck
in practice[1H3]]. This challenge is particularly acute in settings such as optimization under uncertainty or strongly
coupled multiphysics problems, where thousands of expensive PDE solves may be required [4]].

Surrogate modeling provides a natural approach to mitigating this cost by replacing expensive simulations with
computationally inexpensive approximations. Classical surrogate methods such as Kriging and radial basis functions
have proven effective for low- to moderate-dimensional problems, but can become increasingly difficult to apply
efficiently as the dimensionality of the design space grows [5}16]. More recent machine-learning (ML) approaches can
accommodate higher-dimensional inputs and outputs, but often require large training datasets whose generation cost
may exceed that of the original optimization problem [7, |8].

A key limitation of many existing surrogate-based optimization approaches is that they are constructed with respect
to a fixed objective and constraint set. In contrast, practical engineering design rarely proceeds with a fully specified
optimization problem. While the governing physics and design parameterization can often be defined a priori, the

ultimate objectives and constraints are often only partially known and may evolve throughout the design process.

Designers frequently explore multiple proxy objectives, performing trade studies and computing Pareto frontiers before
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settling on a final formulation [9]]. In this setting, surrogates tailored to a single objective may provide limited reuse as
design studies evolve, and the value of each expensive analysis is restricted to a narrow portion of the design space [10].

Operator learning provides an alternative perspective by shifting the focus from approximating a specific objective
to learning the underlying design-to-state map defined by the governing physics. Rather than constructing a surrogate
for a scalar objective, operator learning methods approximate the mapping from design variables or input fields to
solution fields, enabling the evaluation of a wide range of downstream quantities of interest [11,[12]. This distinction is
particularly important in MDO, where objectives and constraints are typically derived from high-dimensional state
fields such as structural displacements, stresses, or flow fields. By learning this operator, each expensive simulation
contributes to a reusable model that can support multiple optimization studies and design-space explorations.

From this perspective, operator learning can be viewed as an amortized analysis approach, where the upfront cost of
generating training data is justified by its reuse across many downstream queries. The central question is therefore not
only whether such models can achieve sufficient accuracy, but what major factors of the design problem contribute
to their data cost. Specifically, understanding how data requirements scale with the dimension of the design space is
critical for determining when the offline cost of training can be justified in practical MDO settings [[13} [14].

One common approach for improving the accuracy of surrogates is including gradient information when training
the models. With gradient-enabled physics solvers becoming more common, especially for MDO applications, this
is a natural path to enhance operator learning for MDO. However, a primary challenge in this setting is the high
dimensionality of the structural state and its associated sensitivities. While learning the full state enables maximal
downstream flexibility, it introduces a large output space, and the corresponding Jacobian with respect to design
variables is typically orders of magnitude larger. Accurate prediction of these sensitivities is essential for gradient-based
optimization, but direct incorporation of full Jacobian information during training is generally intractable.

The present work addresses this challenge through a structured operator-learning framework and introduces a novel
training method that incorporates a reduced representation of the state sensitivities while maintaining the full-space
representation of the state. This approach captures the dominant sensitivity structure at manageable cost, enabling
the model to learn both the forward mapping and its gradient. In addition, we perform a novel investigation into how
operator-learning accuracy scales with both training data size and input-space dimension. Using a structural analysis
benchmark, we compare forward-only and gradient-enhanced training and characterize their respective scaling laws.
The results show that incorporating reduced Jacobian information significantly improves data efficiency and mitigates
sensitivity to increasing input dimension, yielding favorable effective scaling behavior. These contributions provide
both a practical method for incorporating optimization-relevant sensitivity information into operator learning and a
quantitative assessment of when such models are likely to be effective for high-dimensional MDO problems.

The remainder of the paper is organized as follows. Section [[] provides background on operator learning for
parametric PDE-based design problems and discusses the importance of sensitivity accuracy for gradient-based
optimization. Section [[Tl] introduces the reduced Jacobian supervision approach, including the construction of the
reduced sensitivity basis, the gradient-enhanced training objective, and the whitening procedure used for conditioning.
Section|[[V] presents the structural wing scaling study, comparing forward-only and reduced Jacobian-enhanced models
across training budgets and input-space dimensions, and analyzes the resulting data and dimension scaling behavior.
Section [V]summarizes the main conclusions and discusses future extensions toward optimization studies.

I1. Background

A. Operator Learning for Parametric PDEs in MDO
We consider operator learning in the context of parametric PDE-constrained design problems. Let

x €R™ > y(x) € R™, )

denote the mapping from design variables to the corresponding state, where y(x) represents the solution of a PDE-based
analysis such as a structural displacement field or flow field.

In contrast to classical operator learning formulations, where inputs and outputs are functions defined over infinite-
dimensional function spaces [11},12], the present setting involves a finite-dimensional parameterization of the input
space together with an underlying infinite-dimensional state space that is represented in practice through one or more
high-dimensional discretizations. This formulation is typical of MDO applications, where the governing physics and
design space are fixed, but the discretization of the state and the quantities of interest derived from the state may vary
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across design studies. As a result, learning the mapping x — y(x) provides a reusable representation of the underlying
physics that can support multiple downstream objectives and constraints.

B. Operator Representations and Neural Architectures

While fully connected neural networks (FCNNs) possess universal approximation properties for finite-dimensional
functions [15], direct application to PDE-based surrogate modeling typically requires committing to a particular
discretization of both the input and output spaces. This can lead to inefficient representations and limited generalization
across meshes, resolutions, or related design studies. Operator learning methods address this limitation by explicitly
modeling mappings between function spaces [[11}[16]].

A common interpretation decomposes operator learning into three steps: encoding the input into a finite-dimensional
space, approximation of the operator in the chosen space, and reconstruction of the output field [17]. Different
architectures implement these steps in different ways, leading to tradeoffs in expressiveness, computational efficiency,
and generalization. Deep Operator Networks (DeepONets) encode inputs using fixed function evaluations and
reconstruct outputs using a learned basis expansion [11]], while neural operators such as the Fourier Neural Operator
(FNO) employ fixed spectral representations for encoding and decoding [[12} [18]. Both approaches use a neural
network for approximation. Despite these differences, all such approaches must address the challenge of representing
high-dimensional solution fields in a data-efficient manner.

The present work uses a structured reduced-basis neural operator, which further separates the encoding and
reconstruction of the input and output fields from the learned mapping by introducing both a fixed high-dimensional
representation and a learned low-dimensional latent representation of each field [19]. In this setting, the learned operator
G is written as

Q=Ty°¢y°ﬂ9°¢x°q“xa 2

where ¥ and ¥y, map the input and output fields to high-dimensional representations, ¢, and ¢, define compression
and lifting operations between those representations and a low-dimensional latent space, and Ay is a learned mapping
implemented by a neural network. This factorization makes it possible to retain the geometric and discretization
structure of the underlying PDE model while keeping the learned component compact.

Operator-learning approaches have shown strong empirical performance across a range of PDE and computational
physics applications [20H23]]. At the same time, theoretical analyses indicate that operator learning may exhibit
unfavorable complexity in general settings [24} 25]], while empirical studies often observe substantially milder scaling,
including power-law or near-linear behavior [[13}26]]. This contrast suggests that the practical utility of operator learning
depends strongly on the structure of the underlying problem, motivating the scaling study considered later in this work.

C. Learning Sensitivities for Optimization
In gradient-based MDO, accurate prediction of sensitivities is as important as accurate prediction of the state. The

Jacobian

J(x) = oy € R">"p 3)
Ox
governs the behavior of derived quantities and is required for efficient optimization.

However, incorporating sensitivity information into operator learning presents a significant challenge. The Jacobian
is typically much larger than the state itself, making direct supervision using full Jacobian data intractable for realistic
problems. As a result, most operator learning approaches focus primarily on forward accuracy and do not explicitly
enforce derivative consistency.

Related work has explored incorporating derivative information into surrogate models, including gradient-enhanced
Kriging and physics-informed learning approaches [20l 27, 28|]. However, these methods are generally limited to
low-dimensional outputs or do not scale effectively to the high-dimensional state representations encountered in
PDE-constrained design.

Fortunately, the full Jacobian dimension can overstate the true complexity of the sensitivity information. In many
PDE-based problems, the dominant variation in the sensitivities is governed by a much smaller set of directions in the
state space. This suggests that, rather than attempting to learn or supervise the full Jacobian directly, it may be more
effective to first identify a low-dimensional sensitivity subspace and represent the Jacobian in that reduced basis. The
following section develops this idea by constructing a reduced representation of the Jacobian and using it to incorporate
gradient information into operator-learning training at a manageable cost.
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I11. Reduced-Basis Jacobian-Enhanced Operator Learning

A. Reduced Jacobian Basis and Representation

To efficiently incorporate the Jacobian defined in Eq. (3), we construct a reduced basis for its variation in the state
space. This construction is closely related to proper orthogonal decomposition (POD) and principal component analysis
(PCA), in which a low-dimensional orthonormal basis is identified from snapshot data by retaining the dominant
eigenvectors of a covariance operator [29,|30]. In the present setting, however, the snapshots are not state snapshots, but
Jacobian snapshots. The resulting basis therefore captures the dominant directions in the state space along which the
sensitivities vary.

Given a set of N full Jacobian snapshots {J(¥) }kN 7|, we form the state-space covariance operator

Ny
1
C=— ) Joyor 4

and compute its eigendecomposition
Coi = 2i¢;. 5)

Retaining the leading r modes yields the reduced Jacobian basis
®=[¢,...,¢,] eR"™X, r < ng. 6)
The Jacobian is then projected onto this subspace,
Jo(x) =®TJ(x) e R™"p, @)

yielding a reduced representation of the sensitivities. Each row of J,. corresponds to the gradient of a projected state
quantity,

(Ui = - (4Ty(0) ®

Thus, J, retains the dominant sensitivity content of the full Jacobian while dramatically reducing its dimension. Once the
basis @ is fixed, reduced Jacobians can be evaluated without explicitly forming J(x). In an adjoint-based implementation,
this corresponds to computing the gradient of the scalar quantity ¢ y(x) with respect to x. As a result, the cost of
evaluating the reduced Jacobian scales with r, requiring O(r) adjoint evaluations per sample, rather than scaling with
the full state dimension in an adjoint formulation or with the full input dimension in a direct-sensitivity formulation.

B. Training with Reduced Gradient Information
The neural operator y(x) is trained to match both the forward mapping and the reduced sensitivities. Given the
reduced Jacobian basis @, the true and predicted states are projected as

yr(@) =®Ty(x),  Pr(x) =DdTH(x), )

and the corresponding reduced Jacobians are

A

oyy 0Py

ox’ ox
The training objective combines a full-state forward loss term with a reduced-sensitivity loss term, weighted via the
parameter «,

Jr(x) = Jr(x) = (10)

L= a-£fwd + (l - a)-cgrad, (11)

where . 5
Liwa = 19) = y@OI*,  Loraa = || ) =L )| (12)

Importantly, the forward loss is evaluated in the full state space, while the gradient loss is evaluated only in the
reduced sensitivity space defined by @. The neural operator itself may use a separate reduced representation for the
state (e.g., a POD basis or learned output basis), which is generally distinct from the Jacobian basis. This process is
illustrated in Fig.[T} The separation of these representations allows the forward model and the sensitivity representation
to adapt independently.
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Fig. 1 Schematic of the three representations used during training: the full state space for the forward loss, the
neural operator output basis, and the reduced Jacobian basis used for gradient supervision.

C. Whitening of Reduced Sensitivities

The eigenvalues {4;} of the Jacobian covariance typically exhibit rapid decay, leading to strong anisotropy in the
reduced sensitivity coordinates. Without correction, the gradient loss is dominated by the highest-energy modes, which
can result in poor conditioning during training.

To address this, we apply a whitening transformation to the reduced Jacobian coordinates. Let

A = diag(1y,...,4,). (13)

The whitened reduced Jacobian is defined as
J,=A12@7 . (14)

The gradient loss is then computed in the whitened coordinates,

Fpred Ftrue 2
o= r

Lgrad = (15)

This transformation equalizes the contribution of each retained mode and improves numerical conditioning. In
practice, partial whitening using A™?/?> with 0 < p < 1 may be used to balance improved conditioning against
amplification of noise in low-energy modes.

D. Method Summary
The proposed training procedure consists of three main steps. First, a reduced Jacobian basis is constructed from a

small set of full Jacobian snapshots by applying a POD-style decomposition to the Jacobian covariance in the state space.

Second, this basis is used to evaluate reduced Jacobians at cost proportional to the retained basis size r, rather than the
full state or input dimension. Third, the neural operator is trained using a combined loss that enforces accuracy in both
the full-state prediction and the reduced sensitivity representation, with whitening applied to improve the conditioning
of the gradient loss. This yields a practical way to incorporate optimization-relevant derivative information into operator
learning for high-dimensional PDE-constrained design problems.

IV. Scaling Study

A. Problem Setup

The scaling study is conducted on the Simple Transonic Wing (STW) benchmark problem introduced by Gray and
Martins [31]], which provides a representative aeroelastic test case for multidisciplinary design optimization. In this
work, only the structural model is considered.

The structure is modeled using a Reissner—Mindlin shell formulation implemented in FEniCSx [32]], with a B-spline
material thickness parameterization feeding into a First-Order Shear Deformation Theory (FSDT)-based material model
implemented in CSDL. These packages are interfaced through FEMO [33]], allowing automatic differentiation through both
packages. The model includes composite laminate behavior as specified in the benchmark, while stiffeners are neglected
for simplicity. A fixed external pressure loading of 30 kPa is applied to the bottom surface to induce deformation.
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Fig. 2 The number of modes required to capture 99.5% of the Jacobian energy scales sublinearly with the
input-space dimension.

The structural state consists of ny = 7,536 degrees of freedom. The design space is defined through a continuous
thickness parameterization over the upper and lower wing surfaces and spars, using one B-spline surface for each. The
number of control points in the chordwise and spanwise directions is varied to change the dimensionality of the input
space. In addition, one global variable is used to parameterize the rib thickness. Table[I]details the six parameterizations
used in the study.

Table 1 Thickness parameterizations used in the scaling study.

Casel Case2 Case3 Case4 Case5 Case6
# Parameters 5 13 25 49 81 161
Spanwise 1 2 4 8 4 4
Chordwise 1 2 2 2 8 16
Ribs 1 1 1 1 1 1
Spars 1 2 4 8 8 16

B. Reduced Jacobian Basis

The reduced Jacobian basis is constructed following the procedure described in Section For each input
dimension, N; = 25 full Jacobian snapshots are computed at samples selected in the design space via Latin Hypercube
sampling. A reduced basis is then formed, retaining the minimum number of modes required to capture 99.5% of
the variance energy. Fig.[2]shows the number of retained modes as a function of input dimension. The number of

modes grows sublinearly with d, indicating that the dominant sensitivity structure lies in a low-dimensional subspace.

This observation supports the motivation for the reduced Jacobian representations and suggests that the effective
dimensionality governing gradient supervision may be significantly smaller than the nominal input dimension, especially
in large design problems.

C. Training Configuration

All models use the structured reduced-basis neural operator architecture. Due to the manageable size of the input
space, the B-spline basis used for data generation was directly used to represent the input to the neural operator. The
output space consisted of a learned linear basis with 64 modes, represented in the finite-element function space used for
the structural analysis. The network mapping between these spaces consists of three hidden layers of width 256 with
tanh activations, followed by a linear output layer. The total number of trainable parameters varies slightly with the
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Fig. 3 Reduced Jacobian-enhanced training shows better error scaling than forward-only training, especially at
higher input dimensions.

input dimension, ranging from 6.32 x 10’ to 6.72 x 10°.

Training is performed on between 70 and 4,500 samples, with 500 held out for testing. Models are trained for up to
500 epochs using the Adam optimizer [34] with an initial learning rate of 10> and exponential decay, with weight decay
tuned to the problem to minimize overfitting. The forward and gradient-enhanced models differ only in the inclusion of
the reduced Jacobian loss term, enabling direct comparison of their scaling behavior.

D. Training Behavior and Model Comparison

The dependence on training data is shown in Fig.[3] The forward model requires substantially more data to achieve
comparable accuracy in both the displacement and reduced Jacobian predictions, while the gradient-enhanced model
exhibits faster error decay across all input dimensions. The gradient-enhanced models approach a displacement-error
floor near 1.5%, whereas the forward-trained models only begin to approach this level at the largest data budgets. Across
all cases the reduced Jacobian error is larger than the displacement error, indicating that sensitivity prediction is the
more difficult task. This difference is especially pronounced for the forward-trained models, which retain reduced
Jacobian errors in excess of 25% even at large training budgets, while the gradient-enhanced models approach errors
near 10% at the largest data budget.

Fig. @ shows the dependence on input dimension for fixed data budgets. While the data are noisy, the forward model
generally degrades with increasing dimension, whereas the gradient-enhanced model shows much weaker dependence
and, in some cases, improved accuracy at higher dimensions. Fig. [5] shows the relative improvement obtained by
including the reduced Jacobian loss term across training sizes and input dimensions. The largest gains occur in the
low-data, high-dimensional regime, and the same trend is observed for both displacement and reduced Jacobian error,
although the relative improvement is smaller for the reduced Jacobian error itself.

E. Scaling Analysis
To quantify these trends, we introduce a power-law model of the error, &,

loge = —alogN —ylogd + C, (16)

where N is the number of samples, d is the dimension of the input space, and «, y, and C are fitting parameters. This
implies an effective data measure

Neg = Nd#, ==, (17)

QIR

yielding the scaling law
g~ Ny (18)

The inclusion of the input dimension in the effective data measure is motivated by the reduced Jacobian supervision,
whose size and information content both grow with the input dimension. The fitted coefficients are given in Table 2]
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Fig. 4 Reduced Jacobian-enhanced models reduce error across input dimensions, though the pointwise
dependence on dimension is noisy.
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Fig. 5 Relative

improvement in error obtained by including the reduced Jacobian loss term across input

dimension and data budget. The reduced Jacobian loss term is especially effective at large input dimensions with

limited data.

Author version - cite the published paper: doi.org/10.2514/6.2026-4806



Table 2 Fitted scaling-law parameters for the forward and gradient-enhanced models.

Model

R2

Error quantity a vy B=v/a n
Forward Displacement error 0.81055 0.08002  0.09873 0.89580 54
Reduced Jacobian error  0.42068 -0.17026 -0.40473 0.74140 54
. Displacement error 0.95271 0.73656  0.77312 0.82002 26
Gradient-enhanced )
Reduced Jacobian error  0.55308  0.13308  0.24062 0.83916 54
100 o ° - = Fit: @=0.811, 8=0.099 . —— Fit: @=0.421, B=-0.405
5 . e I z
g N o 2 :\\' ° 10° 9
JGEJ .~ \\\ ° -g . \\\\ [ ] g
QEJ \\' r_‘é‘ * \\\ I
—i 101 . N B1oo] e o %o '\\.\ . g
° \\\ 4 " \\\
\\\\ \\\\\ 102
102 10° 10! 102 10°
Nd? NdP

Fig. 6 Forward-trained model power scaling shows a weak dependence on input dimension for displacement
error, and a sub-linear increase in Jacobian error with input dimension.

Fig.[6] shows the fitted scaling law for the forward-trained model. For displacement error, the forward model yields
B = 0.10, indicating that performance is governed almost entirely by the number of training samples, with little effective
benefit from increasing the input dimension. In contrast, the reduced Jacobian error yields 5 ~ —0.40, indicating that
sensitivity prediction degrades as the problem dimension increases. This unfavorable scaling reflects the fact that
increasing the number of design variables makes the underlying operator more difficult to learn, while forward-only
supervision provides no corresponding increase in explicit derivative information. In contrast, the gradient-enhanced
model exhibits favorable scaling with respect to problem dimension, as shown in Fig.[7] For displacement error, the
fitted value 8 = 0.77 indicates strong favorable scaling with input dimension, up to an error floor near 1.5%. The
reduced Jacobian error also exhibits favorable scaling, with 8 ~ 0.24, although the effect is weaker.

F. Discussion

The results demonstrate a fundamental difference between forward-only and gradient-enhanced training. In the
forward-only case, increasing the input dimension makes the operator more difficult to approximate, but provides no
corresponding increase in supervised information beyond the forward states themselves. As a result, displacement
accuracy is largely insensitive to problem dimension, while reduced Jacobian accuracy degrades as the number of
design variables increases. From the perspective of gradient-based optimization, this behavior is unfavorable: even if
the surrogate can approximate the state reasonably well, its sensitivity predictions become less reliable precisely in the
high-dimensional settings where operator learning may be most valuable.

In contrast, the behavior of the gradient-enhanced model is well suited for high-dimensional problems. When
reduced Jacobian information is included during training, increasing the problem dimension also increases the amount
of supervised differential information available at each sample. The fitted value 8 ~ 0.773 for the displacement error
indicates that this additional information more than compensates for the increased complexity of the operator, at least
within the range of problems considered here. Moreover, this exponent is strikingly close to the Jacobian mode-growth
exponent of 0.741 observed in Fig.[2] This agreement suggests that the favorable scaling is is closely related to the
growth of the dominant sensitivity subspace itself.
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Fig.7 Gradient-enhanced model power scaling shows a strong improvement in displacement error and a weak
improvement in Jacobian error with input dimension.

This interpretation is especially relevant for MDO. The class of problems that stand to benefit most from operator-
learning surrogates are precisely those with large design spaces and expensive PDE analyses, since these are the
problems for which repeated full-order evaluations are most costly. Additionally, such problems are increasingly solved
using adjoint-enabled analysis tools, enabling reduced Jacobian sampling. Once a reduced sensitivity basis is available,
the marginal cost of collecting gradient supervision data scales with the retained basis size r rather than the full state
dimension or the full number of design variables. The present results therefore suggest that reduced Jacobian-enhanced
operator learning may be well matched to high-dimensional MDO settings.

Several limitations should also be noted. First, although the fitted scaling laws capture the overall trends, the R?
values in Table 2]indicate that the power-law model is only an approximate description of the data, particularly for the
noisier cases. The scaling exponents should therefore be interpreted as empirical summaries of the observed behavior
rather than precise laws. Second, the present study varies the dimension of a single input field by refining a thickness
parameterization. This is an important increase in design-space dimension, but it does not address the more general
case in which the design space is expanded by introducing additional classes of input fields, such as geometry, loading,
or other coupled physical parameterizations. Such changes would increase not only the nominal dimension of the design
space, but also the complexity of the operator itself. Third, the study considers a single structural analysis problem with
passive Latin Hypercube sampling and evaluates performance through forward and reduced Jacobian accuracy rather
than optimization performance directly. While this is appropriate for isolating the effect of reduced Jacobian supervision,
it leaves open the question of how the observed scaling trends will translate to fully coupled optimization studies.

Despite these limitations, the results provide clear evidence that reduced Jacobian supervision can fundamentally
alter the scaling behavior of operator learning in high-dimensional settings. Forward-only training becomes increasingly
unattractive as the role of accurate sensitivities grows, whereas the gradient-enhanced approach becomes more attractive
as the design space expands. This is encouraging for large-scale MDO, where the offline cost of surrogate construction
must be justified by repeated downstream use and where adjoint-enabled solvers make reduced sensitivity sampling
practical.

V. Conclusion

In many multidisciplinary design optimization (MDO) settings, the final objective and constraint set are not known
a priori, even when the design space and required physical analyses are broadly established. In such cases, operator
learning offers an attractive alternative to conventional surrogate-based optimization by replacing expensive physics
solvers with fast-to-evaluate surrogates of the underlying analysis itself, thereby preserving substantial downstream
flexibility in how objectives and constraints are later defined.

The practical challenge, however, is that the offline cost of generating training data can be prohibitive. For operator
learning to be useful in this setting, data-efficient training strategies are required, and it is important to identify classes of
design problems for which the resulting amortization of analysis cost is favorable. To address this challenge, this work
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introduced a reduced Jacobian training approach for neural operators, in which sensitivity information is incorporated in
a reduced space rather than through the full Jacobian. This reduces the cost of Jacobian data collection from O (ny) or
O(np) to O(r), where r < ng,np, and where the reduced Jacobian basis was found to grow sublinearly with input
dimension.

The proposed method was evaluated on a structural wing benchmark across a range of input dimensions and training
data budgets. The results showed that augmenting training with reduced Jacobian information substantially improved
both forward and sensitivity accuracy relative to forward-only training. In particular, the reduced Jacobian approach
yielded more than 40x lower displacement error and more than 20x lower Jacobian error in the most favorable cases,
with the largest gains occurring in the low-data, high-dimensional regime. This regime is especially important in
practice, since it is precisely where data collection is most expensive and where improved sample efficiency is most
valuable.

To further characterize these trends, an effective data measure of the form Nd? was introduced. Under this scaling,
the forward-only model was found to be largely insensitive to problem dimension in displacement prediction, with
B = 0.099, while its Jacobian accuracy degraded as dimension increased, corresponding to S = —0.405. In contrast,
the gradient-enhanced model exhibited favorable scaling with dimension, with 8 = 0.773 for displacement error and
B = 0.241 for reduced Jacobian error. A natural interpretation of this behavior is that the information content available
in Jacobian supervision also increases with input dimension, and that the proposed training procedure is able to make
effective use of that information.

Taken together, these results suggest that operator learning enhanced with reduced Jacobian supervision is particularly
well suited to optimization problems with large design spaces. This is encouraging, since such problems are also among
those that stand to benefit most from replacing expensive repeated analyses with fast surrogate evaluations. More
broadly, the results support the view that reduced sensitivity information can play a central role in making operator
learning practical for large-scale MDO.

Future work should extend the present study in two directions. First, the data in this work were generated using
Latin Hypercube sampling, which provides a convenient and intentionally non-specialized baseline, but is unlikely to
be optimal for surrogate training in optimization contexts. More advanced sampling strategies, particularly adaptive
methods that account for model error or optimization relevance, should be investigated to improve data efficiency further.
Second, the present study evaluated the models through forward and reduced Jacobian accuracy, which are necessary but
not sufficient measures of usefulness in optimization. A natural next step is to embed these operator surrogates within
practical optimization studies and assess their effect on convergence behavior, design quality, and total computational
cost.
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